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Wkh Vrorz prgho ri hfrqrplf jurzwk lv eulh�| h{sodlqhg/ dv lv wkh sulqflsoh ri jhqhudo phwk0
rgv ri prphqwv hvwlpdwlrq1 Phwkrgv duh wkhq ghulyhg wr hvwlpdwh dqg whvw wkh vkulqnlqj
sdudphwhu lq d vlpsoh prgho ri jurzwk1 Wkh gdwd duh d sdqho ri 89 frxqwulhv zlwk hdfk 457
dqqxdo revhuydwlrqv/ exw zlwk d idlu shufhqwdjh plvvlqj revhuydwlrqv1 Wkh phwkrgv ri hvwl0
pdwlrq duh dgdswhg wr wklv lqfrpsohwh sdqho e| vsolwwlqj lqfrpsohwh wlph vhulhv lqwr vpdoohu
rqhv1 Zhljkwhg JPP lv frpsduhg wr xqzhljwhg ohdvw vtxduhv1 Zh �qg frqvlghudeoh vpdoo
vdpsoh eldv lq wkh iruphu phwkrg1 Ilqdoo|/ wkh k|srwkhvlv ri d xqlw urrw fdqqrw eh uhmhfwhg1

W Wkh dxwkru zlvkhv wr wkdqn Wrp Zdqvehhn iru iuxlwixo frpphqwv1 Dq| uhpdlqlqj huuruv
duh plqh1
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Lq wklv vhfwlrq/ zh zloo �uvw wdnh d eulhi orrn dw wkh wkhru| ri hfrqrplf jurzwk1 Vhyhudo
wkhrulhv r�hu k|srwkhvhv derxw wkh ehkdylru ri d frxqwu|*v rxwsxw lq wlph1 Wkhvh k|srwkhvhv
kdyh doo ehhq frqiurqwhg zlwk hfrqrplf gdwd ehiruh1 Lq wkh vhfrqg sduw ri wklv vhfwlrq/ zh
zloo orrn dw wkh gl�huhqw zd|v lq zklfk k|srwkhvhv kdyh ehhq whvwhg1
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D orw kdv fkdqjhg vlqfh 4;<91 Diwhu d fhqwxu| ri frqwlqxrxv fkdqjhv lq wkh zd| shrsoh olyh/
zrun dqg wklqn/ zh �qg rxuvhoyhv lq d vlwxdwlrq wkdw lv yhu| pxfk gl�huhqw iurp wkh odvw �q gh
vl�hfoh1 Xqghqldeo|/ surjuhvv kdv wdnhq sodfh lq d orw ri gl�huhqw zd|v1 Rqh ri wkh prvw ylvleoh
fkdqjhv lv d odujh lqfuhdvh lq surgxfwlrq1 Li zh zhuh wr frpsduh wkh dprxqw ri jrrgv dqg
vhuylfhv hdfk Gxwfk shuvrq/ rq dyhudjh/ surgxfhv hyhu| |hdu zh zrxog �qg wkdw wklv dprxqw
kdv jurzq dw d udwh ri dssur{lpdwho| 41: ( vlqfh 4;<91 Dgg wr wkdw dq dyhudjh srsxodwlrq
jurzwk ri 415 ( shu |hdu/ dqg zh �qg wkdw rxu wrwdo dqqxdo surgxfwlrq lv pruh wkdq 48 wlphv
wkdw ri d fhqwxu| djr1

Wkh wkhru| ri hfrqrplf jurzwk wulhv wr lghqwli| wkh vrxufhv ri wklv lqfuhdvh lq surgxfwlrq1
Dw wkh urrw/ hfrqrplf jurzwk frphv iurp dq lqfuhdvh lq surgxfwlrq fdsdflw|1 Wklv fdsdflw|
lv ghwhuplqhg e| d qxpehu ri frqvwudlqwv1 Iluvw/ lqfuhphqwv lq wkh vl}h ri wkh srsxodwlrq
dqg lwv surgxfwlyh frpsrqhqw/ wkh oderu irufh/ duh d frqwlqxrxv vrxufh ri jurzwk1 Vhfrqgo|/
wkh dprxqw ri fdslwdo jrrgv dffxpxodwhg dffrxqwv iru dq lpsruwdqw sduw ri wkh fdsdflw| wr
surgxfh1 Wklugo|/ wkh vwdwh ri whfkqrorj| ghwhuplqhv wkh surgxfwlylw| ri oderu dqg fdslwdo1
Whfkqrorjlfdo surjuhvv fdq hqkdqfh rxu delolwlhv wr surgxfh jrrgv dqg vhuylfhv1 Dv d irxuwk
frpsrqhqw ri wkh surgxfwlrq fdsdflw|/ wkh hfrqrplf lqvwlwxwlrqdo hqylurqphqw lv riwhq lq0
foxghg1 Srolwlfdo vwdelolw| dqg zhoo0gh�qhg uljkwv dqg gxwlhv vwlpxodwh survshulw|1 D �iwk
frqvwudlqw iru hfrqrplf jurzwk lv wkh dprxqw ri kxpdq fdslwdo suhvhqw> wklv lqfrusrudwhv
wkh idfw wkdw dq xqhgxfdwhg oderu irufh lv qrw xvxdoo| dv surgxfwlyh dv d jurxs ri hgxfdwhg
zrunhuv1

41414 Wkh Vrorz prgho

Wkh lpsolfdwlrqv ri wkh gl�huhqw vrxufhv ri jurzwk fdq eh uhdglo| xqghuvwrrg zlwk wkh khos
ri d udwkhu vlpsoh pdwkhpdwlfdo prgho1 Wkh iroorzlqj zdv �uvw sxeolvkhg e| Urehuw Vrorz lq
4<89/ exw lw uhpdlqv dw wkh fhqwuh ri pxfk ri wrgd|*v uhvhdufk1 Zh zloo dvvxph d surgxfwlrq
ixqfwlrq iru d forvhg hfrqrp| wkdw lqfrusrudwhv wkh frxqwu|*v fdslwdo vwrfn N

|

/ lwv oderu irufh
O
|

dqg lwv ohyho ri whfkqrorj| D
|

/ doo dw wlph w1

\
|

@ I +D
|

> O
|

>N
|

, +4,

Surgxfwlrq fdq eh xvhg iru wzr sxusrvhv/ frqvxpswlrq dqg fdslwdo dffxpxodwlrq1 Wkh sur0
sruwlrq wkdw lv xvhg iru wkh odwwhu lv ghqrwhg e| v/ wkh vdylqj udwh1 Lw lv dvvxphg �{hg dqg
h{rjhqrxv1 Fdslwdo ghsuhfldwlrq lv prghoohg dv wkh dqqxdo glvdsshdudqfh ri d iudfwlrq � ri
wkh hqwluh vwrfn1

gN
|

gw
@ v\

|

� �N
|

+5,

Wkh udwh ri srsxodwlrq jurzwk dqg wkh udwh ri jurzwk ri D
|

/ wkh ohyho ri whfkqrorj|/ duh wdnhq
�{hg dqg h{rjhqrxv dw q dqg {/ uhvshfwlyho|1 Wkh surgxfwlrq ixqfwlrq I +�, lv qhrfodvvlfdo= lw
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h{klelwv srvlwlyh dqg glplqlvklqj pdujlqdo surgxfwv zlwk uhvshfw wr N dqg O/ kdv frqvwdqw
uhwxuqv wr vfdoh dqg vdwlv�hv wkh Lqdgd frqglwlrqv�1

41415 Vwhdg| vwdwh dqg g|qdplf ehkdylru

Lq jhqhudo/ whfkqrorjlfdo jurzwk lv wdnhq wr eh ri wkh oderu dxjphqwlqj irup1 Wklv phdqv
wkdw I +D

|

> O
|

>N
|

, fdq eh zulwwhq dv I +D
|

� O
|

>N
|

,1 Qrz lqwurgxfh wkh iroorzlqj qrwdwlrq=
iru d yduldeoh \ / wkh shu fdslwd ydoxh \@O lv zulwwhq dv |1 Wkh ydoxh ri \ shu h�hfwlyh xqlw
ri oderu/ \@+D � O,/ lv ghqrwhg a|1 Ehfdxvh ri wkh dvvxphg frqvwdqw uhwxuqv wr vfdoh/ zh fdq
uhzulwh +4, dv

a|
|

@ I +an
|

> 4, � i+an
|

, +6,

Xvlqj +5, dqg wkh fkdlq uxoh iru gl�huhqwldwlqj/ zh �qg wkdw

gan
|

gw
@ vi+an

|

,� +� . {. q,an
|

+7,

Ehfdxvh ri wkh uhjxodulw| frqglwlrqv zh lpsrvhg rq I +�,/ wkhuh duh wzr ydoxhv ri an iru zklfk
wkh h{suhvvlrq lq +7, lv }hur= an @ 3 dqg dqrwkhu srvlwlyh ydoxh anW1 Lw lv hdv| wr vhh wkdw wkhuh
pxvw krog _s

_
	
&

+anW, ? 41 Wkhuhiruh/ wkh iroorzlqj pxvw eh wuxh=

gan
|

gw
A 3 li an

|

? anW

gan
|

gw
? 3 li an

|

A anW

dqg zh fdq vhh wkdw/ uhjdugohvv ri wkh ydoxh ri an
f
/ wkh hfrqrp| zloo pryh wrzdug d vwhdg|

vwdwh dw zklfk an
|

@ anW1
Zh fdq vhh wkuhh vrxufhv ri hfrqrplf jurzwk dw zrun khuh1 Iluvw/ li zh dvvxph wkdw lq

wkh lqlwldo vwdwh ri d�dluv an
f
? anW/ zh vhh dq lqfuhdvh lq an

|

wkurxjk wlph1 E| uhodwlrq +6,/
zh vhh wkdw wklv phdqv dq lqfuhdvh lq a|

|

1 Vhfrqg/ lq wkh vwhdg| vwdwh/ a|
|

lv frqvwdqw1 Wklv
phdqv/ krzhyhu/ wkdw shu fdslwd surgxfwlrq |

|

lv jurzlqj dw udwh { ehfdxvh ri whfkqrorjlfdo
lpsuryhphqwv1 Wklugo|/ srsxodwlrq jurzwk frqwulexwhv wr wkh idfw wkdw wrwdo surgxfwlrq \

|

lv
jurzlqj dw udwh {. q lq wkh vwhdg| vwdwh1

41416 Frqyhujhqfh

Li zh qrz frpsduh wzr forvhg hfrqrplhv l dqg m dqg dvvxph/ iroorzlqj Vrorz/ wkdw wkh
frh�flhqwv {/ q/ � dqg v duh wkh vdph lq erwk frxqwulhv/ zh fdq ghgxfh wkdw erwk hfrqrplhv
zloo hqg xs lq wkh vdph vwhdg| vwdwh lq zklfk an

|

@ anW1 Wklv zloo kdsshq uhjdugohvv ri wkh
lqlwldo ydoxhv an

�cf
dqg an

�cf
1

Li zh zdqw wr txdqwli| wkh udwh ri frqyhujhqfh/ wkdw lv/ krz txlfno| wkh hfrqrplhv duh
dssurdfklqj wkhlu vwhdg| vwdwh/ zh qhhg wr vshfli| wkh surgxfwlrq ixqfwlrq lq irupxod +4,1
Vxssrvlqj zh xvh d Free0Grxjodv irup/ zh zrxog jhw=

\
|

@ D
|

O�3k

|

Nk

|

+8,
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Gh�qlqj �
	
&|

dv wkh udwh ri jurzwk ri an
|

/ wkdw lv/ _
	
&|*_|

	
&|

/ zh fdq xvh htxdwlrq +7, wr zulwh

�
	
&|

@ vDk

|

an
3E�3k�

|

� +{. q. �, +9,

Li zh qrz dvvxph wkdw an
|

lv forvh hqrxjk wr nW wr dssur{lpdwh htxdwlrq +8, zlwk d �uvw rughu
Wd|oru vhulhv diwhu uhzulwlqj lw dv d ixqfwlrq ri orj +an

|

,/ zh �qg wkdw

�
	
&|

� �+4� �,+{. q. �, orj
an
|

anW
+:,

Wkh frh�flhqw +4� �,+{. q. �, lv xvxdoo| whuphg � lq jurzwk hfrqrplfv1 Lw lv d phdvxuh
ri wkh vshhg ri frqyhujhqfh> wkh eljjhu �/ wkh idvwhu dq hfrqrp| zloo pryh wrzdug wkh vwhdg|
vwdwh1

��2 Ait|�?} |�i UL?�ih}i?Ui �)TL|�it�t

Wkh vwurqj uhvxow ri wkh suhfhglqj sdudjudsk/ wkdw wkh shu fdslwd ohyho ri wkh JGS ri gl�huhqw
frxqwulhv frqyhujhv lq wlph/ fdq eh txdol�hg wr vrph h{whqw1 Qdpho|/ li wkh ydoxhv ri wkh
sdudphwhuv �/ q dqg v ydu| ryhu frxqwulhv/ wkhq vr zloo wkh ydoxhv ri anW1 D zhdnhu yhuvlrq
ri wkh frqyhujhqfh k|srwkhvlv fdoohg frqglwlrqdo frqyhujhqfh lv gh�qhg dv wkh vlwxdwlrq lq
zklfk JGS shu fdslwd/ frqglwlrqdo rq wkh ydoxhv ri �/ q dqg v/ vkrzv frqyhujhqfh1 Erwk
wkh devroxwh dqg frqglwlrqdo frqyhujhqfh k|srwkhvlv kdyh ehhq whvwhg h{whqvlyho| dqg lq d
qxpehu ri zd|v1 Lq jhqhudo/ wkuhh gl�huhqw k|srwkhvhv duh glvwlqjxlvkhg=

41 �0frqyhujhqfh lv gh�qhg dv d vlwxdwlrq lq zklfk srru frxqwulhv lq jhqhudo jurz idvwhu
wkdq ulfk frxqwulhv/ vr wkdw wkhuh lv d jhqxlqh cfdwfk0xs* surfhvv1 Whvwv ri wklv k|srwkhvlv
duh nqrzq dv cEduur0uhjuhvvlrqv*

51 �0frqyhujhqfh phdqv wkdw wkh yduldqfh ri wkh yduldeoh JGS shu fdslwd lq d vdpsoh ri
frxqwulhv ghfuhdvhv ryhu wlph1

61 Xqlw urrw whvwv vhdufk iru qrq0vwdwlrqdulw| lq +srvvleo| ghwuhqghg, wlph vhulhv ri JGS
shu fdslwd1 Wkhvh whvwv fdq eh grqh iru zkroh sdqhov dv zhoo dv vlqjoh frxqwulhv1 Ilqglqj
d xqlw urrw lv vhhq dv dq lqglfdwlrq wkdw qr frqyhujhqfh lv wdnlqj sodfh1

Wkh gl�huhqw whvwv duh glvfxvvhg lq wkh iroorzlqj vxe0sdudjudskv1

41514 Eduur0uhjuhvvlrqv

Hfrqrplvwv Pdqnlz/ Urphu dqg Zhlo +PUZ, vwduwhg wkhlu 4<<5 duwlfoh zlwk d pxfk txrwhg
uhpdun derxw cwdnlqj Vrorz vhulrxvo|*/ lq idfh ri jurzlqj vfhswlflvp derxw wkh prgho1 Lw lv rqh
ri wkh ehvw nqrzq duwlfohv lq zklfk vr0fdoohg cEduur0uhjuhvvlrqv* duh grqh1 Wkhvh uhjuhvvlrqv
wdnh wkh irup
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f
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+;,

zlwk [ frqwdlqlqj yduldeohv wkdw h{sodlq wkh ohyho ri wkh vwhdg| vwdwh1 Lw lv wdnhq dv hylghqfh
lq vxssruw ri wkh frqyhujhqfh k|srwkhvlv li � lv vljql�fdqwo| qhjdwlyh/ dv wklv zrxog lqglfdwh
wkdw frxqwulhv zlwk d orz JGS shu fdslwd jhqhudoo| jurz idvwhu wkdq ulfkhu frxqwulhv1

Wkh �qglqjv ri PUZ dqg prvw rwkhu dxwkruv xvlqj wkhvh whfkqltxhv fdq eh vxppdul}hg
dv iroorzv=
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� Li xqfrqglwlrqdo frqyhujhqfh lv whvwhg +ohdylqj [� rxw ri wkh htxdwlrq, � lv rqo| vljql�0
fdqwo| qhjdwlyh lq vpdoo/ frkhuhqw vxevhwv ri frxqwulhv olnh wkh RHFG1 Iru elj vdpsohv/
olnh doo wkh frxqwulhv lq wkh zruog/ wkh k|srwkhvlv � @ 3 fdqqrw eh uhmhfwhg1 Zkhq whvw0
lqj frqyhujhqfh frqglwlrqdo rq d qxpehu ri frxqwu|0vshfl�f uhjuhvvruv/ d vljql�fdqwo|
qhjdwlyh � lv irxqg1

Frqglwlrqdo rq hdfk frxqwu|*v vdylqjv/ srsxodwlrq jurzwk dqg vwrfn ri kxpdq fdslwdo +sur{lhg
e| wkh qxpehu ri shrsoh lq vhfrqgdu| vfkrro, wkh hvwlpdwhg � lv �3=5;< ^3=395`/ lpso|lqj d
� ri 3=346:1 Wkh dxwkruv wdnh wklv dv surri ri frqglwlrqdo frqyhujhqfh1 Zlwklq wkh RHFG/
a� lv dv pxfk dv 3=3536 ^3=335`1 Wkh uhvxowv lqglfdwlqj d qhjdwlyh ydoxh ri � duh jhqhudoo|
nqrzq dv uhvxowv lpso|lqj �0frqyhujhqfh1 Lw lv wkh ylhz ri d juhdw pdq| dxwkruv wkdw �0
frqyhujhqfh lv d uhdo zruog skhqrphqrq1 Wklv grhv qrw qhffhvdulo| lpso| wkdw �0frqyhujhqfh
lv/ wkrxjk1 Pdwkhpdwlfdoo|/ lw fdq eh vkrzq wkdw �0frqyhujhqfh lv rqo| d qhffhvdu|/ qrw d
vx�flhqw frqglwlrq1

41515 �0frqyhujhqfh

Li zh wdnh d orrn dw rxu 890frxqwu| gdwdvhw/ zh vhh wkdw wkh yduldqfh ri wkh orjdulwkp ri
JGS shu fdslwd lqfuhdvhv e| kdoi ryhu wkh shulrg 4<8404<<51 Wklv phdqv wkdw zkdwhyhu
lv jrlqj rq lq wklv sdqho/ lw lv qrw �0frqyhujhqfh1 Hfrqrplvw Gdqq| Txdk +4<<6, dvvhuwv
wkdw wdnlqj �0frqyhujhqfh dv hylghqfh iru �0 frqyhujhqfh lv wkh fodvvlf cJdowrq*v idoodf| ri
uhjuhvvlrq wrzdugv wkh phdq*1 Wr xqghuolqh wkdw surfhvv ri glyhujhqfh lv dfwxdoo| wdnlqj
sodfh/ kh ghvfulehv wkh surfhvv ri fkdqjlqj JGS shu fdslwd*v dv d Pdunry fkdlq1 Wkh cvwdwhv*
lq wkh fkdlq duh ghwhuplqhg e| d frxqwu|*v | glylghg e| wkh zruog dyhudjh JGS shu fdslwd=
^3> �

e

,> ^�
e

> �
2

,> ^�
2

> 4,> ^4> 5, dqg ^5>4,1 Wkh pdwul{ ri hvwlpdwhg wudqvlwlrq suredelolwlhv iru d
shulrg ri 56 |hduv lv 3EEEEEC

3=:9 3=85 3=3< 3 3
3=45 3=64 3=53 3 3
3=45 3=43 3=79 3=57 3
3 3=3: 3=59 3=86 3=38
3 3 3 3=57 3=<8

4FFFFFD +<,

zlwk wkh htxloleulxp glvwulexwlrq ryhu wkh vwdwhv ehlqj

+3=49> 3=38> 3=43> 3=45> 3=8:, +43,

Txdk frqfoxghv wkdw wkhuh pd| eh vljql�fdqw �0frqyhujhqfh/ exw wkh vdpsoh ri frxqwulhv lq
wkh zruog fdq vwloo eh prghoohg dv rqh wkdw guliwv dsduw lq wzr fdwhjrulhv= srru dqg ulfk1

41516 Sdqho gdwd dssurdfkhv

Lq wklv vxe0sdudjudsk zh zloo eulh�| glvfxvv wzr sdshuv wkdw h{solflwo| xvh sdqho phwkrgv wr
phdvxuh frqyhujhqfh1 Wkh| gl�hu lq wkh dydlodeoh gdwd dqg wkh dssurdfk wdnhq wr hvwlpdwlrq1

Nqljkw/ Ord|}d dqg Yloodqxhyd/ 4<<6

Wkh dxwkruv +NOY, rshudwh zlwk d edodqfhg sdqho ri <; frxqwulhv dqg 8 revhuydwlrqv hdfk
8 |hduv dsduw1 Wkhlu gdwd vwduwv lq 4<931 Wkh prgho NOY xvh lv pxfk olnh wkh rqh lq
sdudjudsk 41414/ rqo| wkh| lqfoxgh kxpdq fdslwdo dv dq h{solflw idfwru ri surgxfwlrq dqg
doorz wkh vwdwh ri whfkqrorj| D

|

wr eh sduwo| ghwhuplqhg e| wkh ghjuhh ri rshqqhvv wr iruhljq
wudgh +I , dqg wkh ohyho ri jryhuqphqw �{hg lqyhvwphqw +S ,1
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Iru hvwlpdwlrq/ wkh dxwkruv hpsor| wkh Fkdpehuodlq � phwkrg1 Wklv zrunv dv iroorzv=
�uvw/ wkh yhfwru ri revhuydwlrqv iru hdfk frxqwu| +}

�

, lv uhjuhvvhg rq doo wkh h{sodqdwru|
yduldeohv {

�

xvlqj wkh VXU phwkrg=3EC }
�

111
}
A

4FD @ �

3EC {
�

111
{
A

4FD
Khuh/ wkh {

|

duh yhfwruv zlwk frqwdlqlqj hdfk shulrg*v uhjuhvvruv1 Lw wxuqv rxw wkdw � lv d 46�9
pdwul{1 Xvlqj wkh prgho/ wkh vwuxfwxuh ri � lv uhvwulfwhg dqg wkh lpsolhg prgho sdudphwhuv
duh hvwlpdwhg e| JPP=

plq
[

+�� i+�,,�3� +�� i+�,,

zlwk  wkh yduldqfh ri � rewdlqhg e| xvlqj VXU1 Wkh dgydqwdjh ryhu wkh furvv0vhfwlrqdo
dssurdfk ri PUZ lv wkdw wkh h{lvwhqfh ri frxqwu|0vshfl�f h�hfwv/ srvvleo| fruuhodwhg zlwk
h{sodqdwru| yduldeohv/ lv wdnhq lqwr ixoo dffrxqw1 Wkhlu uhvxowv lqfoxgh dq hvwlpdwhg �
ri 3138 ^w@;165`/ zklfk lv d orw kljkhu wkdq PUZ*v1 Wklv/ dffruglqj wr wkh dxwkruv/ lv gxh wr
wkh yhu| fruuhodwlrq ehwzhhq wkh lqglylgxdo h�hfwv dqg |

�f
zh mxvw phqwlrqhg1 Wkh frh�flhqwv

ri rwkhu h{sodqdwru| yduldeohv hdfk kdyh wkh h{shfwhg vljq1

Ohh/ Shvdudq dqg Vplwk/ 4<<8

Lq wklv zrunlqj sdshu wkh dxwkruv +OSV, lpsohphqw lghdv derxw hvwlpdwlrq xvlqj g|qdplf
sdqho gdwd wkdw zhuh ghyhorshg lq d suhylrxv duwlfoh +Shvdudq dqg Vplwk/ 4<<8,1 Wkh iroorzlqj
lpsruwdqw frqfoxvlrqv duh uhdfkhg=

� Uhjuhvvlrqv ri wkh w|sh +;, duh yhu| edgo| eldvhg lq wkhlu hvwlpdwlrq ri � dqg duh qrw
lqirupdwlyh derxw frqyhujhqfh>

� Wkh hfrqrplf prgho fdq eh zulwwhq lq wkh iroorzlqj uhgxfhg irup=

oq+|
�|

, @ �
�

. {
�

w. x
�|

�
�

@
�
�

� {
�

�
�

4� �
�

x
�|

@ �
�

x
�c|3�

. �
�|

Wkh vwdqgdug Vrorz0prgho doorzv �
�

wr ydu| dfurvv frxqwulhv dqg frqvwudlqv j
�

wr eh
htxdo dfurvv wkh zruog1 OSV hvwlpdwh wkh prgho e| pd{lpxp olnholkrrg dqg h{dplqh
wkh h�hfwv ri uhvwulfwlqj hlwkhu ri wkhvh yduldeohv wr eh wkh vdph dfurvv frxqwulhv1 Wdeoh 4
vkrzv wkh uhvxowv= li dq hvwlpdwh lv doorzhg wr ydu| dfurvv frxqwulhv/ wkh dyhudjh ydoxh lv
vkrzq1 Wkh qxpehu lq eudfnhwv lv wkh vwdqgdug huuru1 Wkh vdpsoh lv wkdw ri 435 qrq0rlo
frxqwulhv ryhu 63 |hduv1
Lw vhhpv wkdw khwhurjhqrxv sdqho eldv fdq kdyh txlwh dq lpsdfw rq hvwlpdwlrqv1 Uh0
vwulfwlqj rqh sdudphwhu wr eh }hur vhyhuho| d�hfwv wkh rwkhu hvwlpdwhg sdudphwhuv1

� Wkh furvv0frxqwu| yduldqfh grhv qrw ghfuhdvh ryhu wlph> wkh k|srwkhvlv ri qr �0
frqyhujhqfh fdqqrw eh uhmhfwhg1

� Wkh vr0fdoohg w0edu whvw iurp Lp/ Shvdudq dqg Vklq +4<<8, lv xvhg wr whvw zkhwkhu wkh
vhw ri wkh lqglylgxdo frxqwu|*v �

�

lv vljql�fdqwo| vpdoohu wkdq xqlw| rq dyhudjh1 Wkh
xqlw urrw k|srwkhvlv frxog qrw eh uhmhfwhg1 Wklv lv dq h{dpsoh ri wkh wklug nlqg ri
frqyhujhqfh whvwlqj/ phqwlrqhg lq wkh ehjlqqlqj ri wklv sdudjudsk1

9



Wdeoh 4= OSV hvwlpdwlrq uhvxowv

Uhvwulfwhg sdudphwhu a� aj

Qrqh 31:933 ^313457` 3134:6: ^313338`
j 31<365 ^313447` 3135358 ^313344`
� 31;648 ^313477` 3134:65 ^313339`
�> j 31<8;< ^313383` 31354:< ^313339`

2 ,t|�4@|�L?

Lq wklv vhfwlrq/ zh zloo ghulyh wkh phwkrg e| zklfk rxu prgho vkdoo eh hvwlpdwhg1 Zh frq0
fhqwudwh rq wkh plqlpxp glvwdqfh hvwlpdwru ru wkh Jhqhudol}hg Phwkrg ri Prphqwv +JPP,1
Wklv ehfdxvh lw doorzv pd{lpxp iuhhgrp lq vshfli|lqj wkh prgho zkloh gholyhulqj dv|ps0
wrwlfdoo| h�flhqw uhvxowv1 Wkh sklolvrsk| ehklqg wklv phwkrg lv lqwurgxfhg lq wkh iroorzlqj
vhfwlrq1 Zh zloo wkhuhdiwhu frqfhqwudwh rq wkh dssolfdwlrqv ri JPP rq g|qdplf sdqho gdwd1

Lq vhfwlrq 515 zh xvh wkh zrunlqj k|srwkhvlv wkdw d ixoo sdqho lv dydlodeoh1 Lq sudfwlfh/ wklv
zloo qrw eh wkh fdvh> phdvxuhv wr ghdo zlwk plvvlqj revhuydwlrqv duh glvfxvvhg lq vhfwlrq 5161

2�� ��?�4�4 _�t|@?Ui it|�4@|�L?

Wkh glvwlqjxlvklqj fkdudfwhulvwlf ri sdqho gdwd dv d vhsdudwh fdwhjru| lv wkdw lw uxqv lq wzr
glphqvlrqv1 Dvvxph/ iru h{dpsoh/ d vdpsolqj surfhvv lq zklfk revhuydwlrqv duh qxpehuhg
4> = = = >Q +wkh �uvw glphqvlrq, dqg lq zklfk dq revhuydwlrq orrnv olnh

u�
�

@ ^[
�c�
>[

�c2
> = = = >[

�cA

` +44,

Dvvxph u
�

lv l1l1g1 iurp vrph pxowlyduldwh glvwulexwlrq zlwk �qlwh irxuwk prphqwv2/ dqg
ixuwkhu vxssrvh revhuydwlrqv [

�c|

duh dfwxdoo| yhfwruv frqvlvwlqj ri wkh ghshqghqw yduldeohv
|
�c|

dqg uhjuhvvruv {
�c|

1 Gh�qh z
�

dv wkh yhfwru ri hohphqwv ri u
�

 u
�

zlwk qrq}hur yduldqfh/
ohw � @ Hz

�

dqg ohw �z eh wkh dyhudjh ryhu wkh z
�

*v1 Li zh dvvhuw wkhuh h{lvwv d olqhdu uhodwlrq
ehwzhhq wkh ghshqghqw yduldeohv dqg wkh uhjuhvvruv/ lw pdnhv vhqvh wr frqvlghu wkh plqlpxp
phdq0vtxduh huuru olqhdu suhglfwruv ri |

�c|

/

HW+|
�c|

m{
�c|

, @ ��{
�c|

Lw lv fohdu wkdw � lv d ixqfwlrq ri �/ vlqfh

�� @ H+|
�c|

{�
�c|

,
k
H+{

�c|

{�
�c|

,
l
3�

Sudfwlfdo hvwlpdwhv ri � duh rewdlqhg xvlqj wkh vdpsoh htxlydohqwv ri wkhvh h{shfwdwlrqv zklfk
irup/ ri frxuvh/ wkh idploldu ohdvw vtxduhv hvwlpdwru=

a� @

57# �[
�'�

{
�c|

{�
�c|

$
3�

�[
�'�

{
�c|

|
�c|

68
2A��t _ih��@|�L? �t M@ti_ L? ��@4Mih*@�? E�bHe� @?_ @̀?tMii! @?_ k@T|i)? E�bbe�

:



Vr idu/ qrw yhu| pxfk vhhpv wr eh jdlqhg zlwk wklv dssurdfk1 Wkh dgydqwdjhv ehfrph fohdu
krzhyhu zkhq zh zdqw wr uhvwulfw wkh prgho*v vhfrqg rughu sdudphwhuv1 Wklv lv htxlydohqw wr
uhvwulfwlqj wkh vwuxfwxuh ri � e| ghpdqglqj lw lv d ixqfwlrq ri d orzhu0glphqvlrqdo yhfwru �1
Wklv zd|/ prgho0vshfl�f fryduldqfh vwuxfwxuhv fdq eh lpsrvhg rq wkh hvwlpdwlrq surfhgxuh�1

Hvwlpdwlrq qrz dprxqwv wr �qglqj �f/ wkh wuxh ydoxh ri �1 Zh wkhuhiruh hpsor| wkh
plqlpxp glvwdqfh hvwlpdwru zklfk fkrrvhv a� vxfk wkdw

plq
	
w

k
�z � i+a�,

l
�

D
?

k
�z � i+a�,

l
+45,

zlwk D
?

v|pphwulf/ D
?

$ � doprvw vxuho| dqg wkh dv|pswrwlf zhljkwlqj pdwul{ � srvlwlyh
gh�qlwh1

Ehfdxvh �z lv wkh dyhudjh ri d vhulhv ri l1l1g1 revhuydwlrqv/ zh fdq lqyrnh wkh Nroprjrurye

odz ri odujh qxpehuv LL wr dvvhuw �z $ � doprvw vxuho| dv Q $ 41 Dv � @ i+�f, zh fdq vhh
wkdw wkh h{suhvvlrq lq +45, frqyhujhv lq suredelolw| wrk

i+�f,� i+a�,
l
�

�
k
i+�f,� i+a�,

l
+46,

zklfk lv plqlpl}hg iru rqo| rqh ydoxh lq d qhljkerukrrg ri �f/ dqg wkdw lv �f lwvhoi1 Wklv
lpsolhv wkh frqvlvwhqf| ri a�

6_e

1 Dv iru wklv hvwlpdwru*v dv|pswrwlf glvwulexwlrq/ lq vhfwlrq 518

lw lv vkrzq wkdw
s
Q

�
a�
6_e

� �f
�
$ Q+3>�,/ zlwk

� @ +I �

f
�I

f
,3�I �

f
�Y+z

�

,�I
f
+I �

f
�I

f
,3� +47,

zlwk Y+z
�

, wkh yduldqfh pdwul{ ri z
�

1 Ehfdxvh wklv pdwul{ lv srvlwlyh gh�qlwh/ wkhuh krogv
wkdw � � +I �+Y+z

�

,,3�I ,3� lv srvlwlyh vhpl0gh�qlwh1 Wkhuhiruh/ dq rswlpdo fkrlfh iru � lv
Y3�+z

�

,1 Wklv lv wkh fdvh zh vkdoo uhihu wr zkhq zh vshdn ri wkh plqlpxp glvwdqfh hvwlpdwru1
Li D

?

@ L/ wkh xqlw pdwul{/ wkh hvwlpdwru lv nqrzq dv Xqzhljkwhg Ohdvw Vtxduhv +XOV,1

Vpdoo vdpsoh sureohpv zlwk JPP

Prvw ri wkh JPP fkdudfwhulvwlfv duh ghulyhg lq d olplwlqj fdvh1 Dv Q $ 4/ wkh phwkrg
lv xqeldvhg dqg kdv wkh glvwulexwlrq lq +47,1 Krzhyhu/ Dowrqml dqg Vhjdo +4<<8, dujxh wkdw
hvwlpdwlqj Y+z

�

,3� zlwk wkh vdph gdwd wkdw lv xvhg lq plqlpl}lqj wkh h{suhvvlrq lq +45, pd|
fdxvh vpdoo vdpsoh eldvhv1 Kh suhvhqwv dq lqwxlwlyh dujxphqw wkdw uxqv dv iroorzv= vxssrvh
zh wu| wr hvwlpdwh d yduldqfh � zlwk revhuydwlrqv G

R�

/ zlwk l @ 4> = = = >Q dqg s @ 4> = = = >Q
�

1
Wkh revhuyhg yduldqfhv duh

p
�

@
4

Q
�

� 4

��[
R'�

+G
R�

� �G
�
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dqg wkh| duh lqghshqghqw exw khwhurvfhgdvwlf1 Wkh yduldqfhv ri wkh p�

�

v duh hvwlpdwhg dv

a$
�

@
Q2

�

+Q
�

� 4,+Q
�

� 5,2
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6:8
Kh dujxhv wkh a$

�

*v duh srvlwlyho| fruuhodwhg zlwk wkh p
�

*v lq vpdoo vdpsohv ehfdxvh rxwolhuv
lq wkh G

R�

whqg wr lqfuhdvh erwk h{suhvvlrqv1 Wkh eldv lq a� fdq wkhq eh zulwwhq dv

a� � � @

#
�[
�'�

$3�
�

$
3�

�[
�'�

$3�
�

+p
�

� Hp
�

, +48,

Wkh �uvw whup lv dozd|v srvlwlyh/ dqg lq wkh vhfrqg wkh vpdoohu ydoxhv ri p
�

uhfhlyh d eljjhu
zhljkw wkdq wkh odujhu rqhv1 Wkh| wkhuhiruh whqg wr fdxvh d grzqzdug eldv1

Wkh srvlwlyh fruuhodwlrq clqwxlwlyho|* lqwurgxfhg e| Dowrqml fdq ri frxuvh eh fkhfnhg xvlqj
rxu gdwd1 Zh zloo uhwxuq wr wklv vxemhfw lq wkh qh{w vhfwlrq1

2�2 #)?@4�U 4L_i*t @?_ it|�4@|�L?

Zh zloo frqvlghu wzr prghov wr ghvfuleh wkh ehkdylru ri d frxqwu|*v JGS shu fdslwd wkurxjk
wlph> wkh �uvw prgho ljqruhv wkh olqhdu wuhqg jurzwk gxh wr whfkqrorjlfdo lpsuryhphqwv=

|
�|

@ �|
�c|3�

. �. �
�

. x
�|

+49,

Wkh vhfrqg prgho lqfrusrudwhv wkh h{rjhqrxv jurzwk dv zhoo/ wkhuhe| lqwurgxflqj wkh h{rjh0
qrxv yduldeoh cwlph*=

|
�|

@ �|
�c|3�

. �. j � w. �
�

. x
�|

+4:,

Lq erwk htxdwlrqv/ |
�|

lv wkh qdwxudo orjdulwkp ri frxqwu| l*v JGS shu fdslwd lq |hdu w1 Wzr
huuru whupv duh lqyroyhg lq wkh htxdwlrqv/ wkh lqglylgxdo h�hfw �

�

dqg uhjxodu huuru whup x
�|

1
Wkh huuruv duh jhqhudwhg dv

�
�

� Q+3> �2
k

,

x
�|

� Q+3> �2
�

,

Dvvxph iru d plqxwh wkdw erwk �2
�

dqg �2
k

duh }hur1 Wklv h�hfwlyho| holplqdwhv erwk huuru
whupv iurp wkh prgho1 Lq prgho +49,/ wkh sdudphwhu � ghwhuplqhv wkh h{lvwhqfh ri olp

|<"

|
�|

1
Lw lv dvvxphg � lv srvlwlyh> li � � 4/ wkh olplw grhv qrw h{lvw1 Li � @ 4/ |

�|

ehkdyhv olqhduo|
lq wlph/ lwv h{dfw sdwk ghshqglqj rq wkh ydoxh ri �1 Ilqdoo|/ li 3 ? � ? 4/ wkh olplw lv htxdo
wr �@+4 � �,1 Lq wkh odwwhu fdvh/ zh fdq wdon derxw frqyhujhqfh lq shu fdslwd lqfrph1 Lq
prgho +4:, zh dovr doorz iru h{rjhqrxv whfkqrorjlfdo jurzwk li sdudphwhu j A 31 Wkhq/ dq
hfrqrp|*v vwhdg| vwdwh dprxqwv wr wkdw vlwxdwlrq zkhuh jurzwk ri shu fdslwd lqfrph lv olqhdu
zlwk udwh j@+4� �,1 Wklv vwdwh lv dwwdlqhg li 3 ? � ? 41

Zh vkdoo �uvw ghdo zlwk wkh hvwlpdwlrq ri prgho +49,1 Wkhq/ lq vhfwlrq 517 zh vkdoo h{whqg
wkh prgho dv lq htxdwlrq +4:, dqg hqkdqfh rxu phwkrg ri hvwlpdwlrq1 Iru qrz/ krzhyhu/ zh
zloo zrun zlwk wkh �uvw prgho rqo|1

Fdoo wkh qxpehu ri frxqwulhv lq rxu sdqho Q / hdfk zlwk W dqqxdo revhuydwlrqv1 Gh�qh wkh
yhfwruv |

�

dv wkh revhuydwlrqv iru frxqwu| l/ |
�|

/ vwdfnhg iurp w @ 4> = = = > W 1 Qrz frqvwuxfw wkh

<



iroorzlqj +W � 4,� W pdwul{

G �
3EC �� 4 3

11 1
1 1 1

3 �� 4

4FD @ L
-

� �L
u

+4;,

lpsolflwo| gh�qlqj pdwulfhv L
-

dqg L
u

1 Fuhdwh +W � 4,� 4 yhfwruv �
�

dv G|
�

1
Hdfk hohphqw �

�|

lv htxdo wr �.�
�

. x
�|

dqg wkxv kdv h{shfwdwlrq �1 Zh zloo �uvw glvfxvv
d phwkrg ri hvwlpdwlrq wkdw uhpryhv wkh whup �. �

�

iurp �
�|

1 Lq wkh qh{w vh{wlrq/ zh zloo
dwwhpsw wr hvwlpdwh � dqg �2

k

vhsdudwho|1
Lqwurgxfh wkh +W � 4,� +W � 4, czlwklq*0pdwul{ Z /

Z � L
A3�

� 4

W � 4

�
�
A3�

��
A3�

�
> � @
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6:8
Wklv pdwul{ cuhpryhv wkh dyhudjh* ri d yhfwru1 Gh�qlqj �W

�

@ Z�
�

/ zh vhh wkdw H�W
�

@ 3 dqg
H+�W

�

,+�W
�

,� @ Z �	
�

Z @ �2
�

Z / zlwk 	
�

@ �2
�

� L1 Wkhuhiruh/ wkh yduldqfh ri �W
�

lv d ixqfwlrq ri
�2
�

1 Zh fdq zulwh wklv ixqfwlrq dv

H yhf
�
+�W
�

,+�W
�

,�
�
@ H�W

�

 �W
�

@ �2
�

yhf ^Z `U�2
�

zlwk U @ yhf+Z ,1
Zlwk wklv vshfl�fdwlrq zh duulyh dw wkh vlwxdwlrq wkdw zh vwduwhg zlwk lq htxdwlrq +44,1 Zh

kdyh Q frxqwulhv wkdw hdfk vxsso| d +vxssrvhgo|, l1l1g1 wlph vhulhv/ zkrvh yduldqfh diwhu dq
dojheudlfdo wudqvirupdwlrq frqirupv wr d wkhruhwlfdo vwuxfwxuh1 Doo zh qhhg wr gr qrz lv �qg
wkh ydoxh ri �2

�

wkdw plqlpl}hv d fulwhulrq olnh +45,1 Ehfdxvh wklv fulwhulrq kdsshqv wr eh olqhdu
lq �2

�

/ wkdw fdq eh grqh e| surmhfwlqj wkh wudqviruphg gdwd rq wkh olqhdu vxevsdfh ruwkrjrqdo
wr wkh rqh vsdqqhg e| wkh froxpqv ri U1 Ohw P

-

eh wkh surmhfwlrq pdwul{ ruwkrjrqdo wr U
wdnlqj uhgxqgdqw uhvwulfwlrqv gxh wr v|pphwu| lqwr dffrxqw=

P
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@
4

5
+L
EA3��

2 . S
A3�cA3�

,�U+U�U,3�U�

zlwk S
A3�cA3�

wkh v|pphwulf frppxwdwlrq pdwul{ ri rughu +W � 4,2 � +W � 4,21 Gh�qh
yduldeohv p

�

dv

p
�

� P
-

+�W
�

 �W
�

,

Rxu prgho wkhq glfwdwhv wkdw

H^
4

Q

�[
�'�

P
-

+�W
�

 �W
�

,` @ H
4

Q

�[
�'�

p
�

@ 3 +4<,

Wklv h{suhvvlrq fdq eh vhhq lq wkh oljkw ri htxdwlrq +45, dv iroorzv= wkh cxqlw| sduw* ri P
-

vxssolhv d whup uhvhpeolqj �z/ zkhuhdv wkh csurmhfwlrq sduw* �wv wkh rswlpdo �/ rswlpdo lq wkh
ohdvw vtxduhv vhqvh1 Zh vwloo kdyh rqh sdudphwhu ohiw xqvshfl�hg/ krzhyhu> zkhq xvlqj wkh
pdwul{ G wr frpsxwh �W

�

/ zh lpsolflwo| xvhg wkh sdudphwhu �1 Lq rughu wr �qg wklv sdudphwhu/
zh kdyh wr gluhfwo| lqyrnh wkh JPP sulqflsoh dqg plql}h wkh h{suhvvlrq

�p�D
?

�p +53,
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zlwk �p � �

�

S
�

�'�
p

�

dqg D
?

dq hvwlpdwru ri wkh jhqhudol}hg lqyhuvh ri wkh yduldqfh ri p
�

1
Wkh iruphu h{suhvvlrq fdq eh zulwwhq dv

�p @ P
-

+Z Z ,+G G,
4
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�[
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, +54,

Wkh odwwhu h{suhvvlrq lqyroyhv wkh yduldqfh ri p
�

1 Wkdw yduldqfh lv irupdoo| gh�qhg dv
H++p

�

� Hp
�

,�+p
�

� Hp
�

,,1 Krzhyhu/ vlqfh Hp
�

@ 3/ zh fdq zulwh

Y+p
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�
ghqrwlqj S � P

-

+Z  Z , iru qrwdwlrqdo frqyhqlhqfh1 Wkh vdpsoh frxqwhusduw ri wklv
h{shfwdwlrq frqvwlwxwhv rxu hvwlpdwru ri Y+p
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gY+p
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Q
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�
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Qrwlfh wkdw wkh glphqvlrqv ri wklv pdwul{ lq wkh frqwh{w ri orqj pdfur0hfrqrplf wlph vhulhv
duh kxjh1 Zlwk rxu W zhoo lq h{fhvv ri 433/ lw orrnv olnh frpsxwdwlrqdo sureohpv pljkw gulyh
xv lq wkh dupv ri XOV udwkhu wkdq JPP1

Ilqdoo|/ wkh vwdqgdug huuru ri wklv hvwlpdwru/ jlyhq lq irupxod +47,/ fdq eh vlpsol�hg
vrphzkdw ghshqglqj rq rxu fkrlfh iru �/ wkh dv|pswrwlf zhljkwlqj pdwul{1 Wdnh d orrn dw
wkh h{suhvvlrq lq +47, wr vhh wkdw zh fdq zulwh
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6_e
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zlwk �
�

� H+Cp
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@C�, li zh xvh zkdw zh kdyh fdoohg wkh JPP 0hvwlpdwru1 Li zh xvh xq0
zhljwkhg ohdvw vtxduhv zh kdyh
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Lq wkh iroorzlqj/ djdlq gh�qh S � P
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p
�

@ S +G|
�

, +G|
�

,

@ S ++L
-

� �L
u

,|
�

, ++L
-

� �L
u

,|
�

,

@ S
k
+L
-

|
�

 L
-

|
�

� �L
u

|
�

 L
-

|
�

� �L
-

|
�

 L
u

|
�

. �2L
u

|
�

 L
u

|
�

l
dqg wkxv

Cp
�

C�
@ S ^�L

u

|
�

 L
-

|
�

� L
-

|
�

 L
u

|
�

. 5�L
u

|
�

 L
u

|
�

`

@ �S ^L
u

|
�

 ^L
-

� �L
u

`|
�

. ^L
-

� �L
u

`|
�

 L
u

|
�

`

@ �S ^L
u

|
�

G|
�

.G|
�

 L
u

|
�

`

wkh odvw vwhs xvlqj wkh htxdolw| G @ L
-

� �L
u

iurp htxdwlrq +4;,1 Xvlqj wkh vdph htxdolw|/
zh fdq frqwlqxh

Cp
�

C�
@ �4

�
S ^�L

-

|
�

G|
�

�G|
�

G|
�

.G|
�

 L
-

|
�

�G|
�

G|
�

`

H
Cp

�

C�
@ �H

4

�
S ^L

-

|
�

G|
�

.G|
�

 L
-

|
�

`

44



wkh odvw vwhs xvlqj wkh uhvwulfwlrqv lpsolhg lq htxdwlrq +4<,1 Li zh xvh wkh idfw wkdw �p lv htxdo
wr wkh dyhudjh ri wkh p

�

*v dqg lqvhuw wkh hvwlpdwhg ydoxh ri �/ zh fdq dfwxdoo| hvwlpdwh wkh
ghulydwlyh=

a��
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+56,

Wklv zd|/ zh kdyh d uhdg|0wr0xvh h{suhvvlrq iru wkh vwdqgdug huuru ri rxu hvwlpdwh ri �/
zlwkrxw kdylqj wr erwkhu zlwk qxphulfdo ghulydwlyhv1

2�� ��tt�?} LMtih�@|�L?t

Lq wkh suhylrxv vhfwlrq/ lw zdv dvvxphg wkdw d edodqfhg sdqho ri revhuydwlrqv zdv dydlodeoh1
Lq wkh shulorxv zruog ri lqwhuqdwlrqdo pdfur0hfrqrplf uhdolw|/ krzhyhu/ zh riwhq �qg sdqhov
zlwk ryhu kdoi wkh revhuydwlrqv xqdydlodeoh1 Lq rxu sdqho/ mxvw xqghu 68 ( ri wkh gdwd lv qrw
wkhuh/ uhqghulqj wkh phwkrgv ri wkh odvw vhfwlrq xvhohvv xqohvv dgdswhg1

Wkh dgdswdwlrqv wr frsh zlwk plvvlqj gdwd duh lqwurgxfhg lq wklv vhfwlrq1 Zh zloo dfwxdoo|
vkrz wzr zd|v lq zklfk wkh uhvhdufkhu fdq wdfnoh wkh sureohp1 Dv lw wxuqv rxw/ rqh ri wkhvh
phwkrgv fohduo| rxwshuirupv wkh rwkhu lq rxu vshfl�f frqwh{w1

Phwkrg & 4= Suhwhqglqj wr kdyh d ixoo sdqho

Orrn djdlq dw irupxod +54,1 Iru hvwlpdwlrq sxusrvhv/ doo wkh dydlodeoh gdwd lv frqghqvhg lq
wkh yduldeoh �p1 Li zh frxog �qg d zd| wr fuhdwh d plvvlqj0revhuydwlrqv yhuvlrq ri wklv yduldeoh/
zh fdq surfhhg zlwk wkh uhvw ri wkh dssurdfk dv li qrwklqj zhuh wkh pdwwhu1 Dqg/ dv d pdwwhu
ri idfw/ zh fdq gr mxvw wkdw e| vlpso| wdnlqj wkh dyhudjh ryhu wkh ydoxhv wkdw duh wkhuh/ dqg
qhjohfwlqj wkh ydoxhv wkdw duhq*w1

Gh�qh yduldeohv n
�c�c6

dv iroorzv=

n
�c�c6

@ 4 li erwk |
�c�

dqg |
�c6

duh wkhuh1

3 li |
�c�

ru |
�c6

lv qrw wkhuh1

zlwk l @ 4> = = = >Q dqg m>p @ 4> = = = > W � 41 Qrz gh�qh N
�c6

� S
�

�'�
n
�c�c6

dqg N wkh
+W � 4,2 � 4 yhfwru ri N

�c6

*v1 Vxevwlwxwh 3 iru doo plvvlqj revhuydwlrqv dqg zh kdyh rxu
plvvlqj0yduldeohv yhuvlrq ri +54,=

�pW @ P
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, +57,

Wkh vdph yduldeoh frxog eh xvhg lq htxdwlrqv +55, dqg +56,1
Krzhyhu/ wkh vwru| lv qrw ryhu |hw1 Zkhq xvlqj sdwfkxs0phwkrgv olnh wklv/ zh kdyh wr

uhphpehu wkh lpsolflw dvvxpswlrqv wkdw duh ehlqj pdgh1 Lq wklv fdvh/ wkh fruh dvvxpswlrq
lv wkdw wkh dyhudjh ryhu wkh dydlodeoh revhuydwlrqv lqvwhdg ri ryhu doo wkh lqglylgxdov kdv wkh
vdph h{shfwdwlrq dv wkh odwwhu1 Wklv ehfdxvh wkh dffxudf| ri rxu hvwlpdwru ghulyhv gluhfwo|
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iurp wklv h{shfwdwlrq1 Wklv dvvxpswlrq frxog eh ylrodwhg li wkh devhqfh ri revhuydwlrqv zhuh
vrphkrz fruuhodwhg zlwk h{sodqdwru| yduldeohv ri rxu prgho1 Vxssrvh iru lqvwdqfh wkdw zh
wulhg wr h{sodlq frqvxphu h{shqglwxuh rq irrg e| wkh frqvxphu*v lqfrph/ dqg wkdw srru
shrsoh fdwhjrulfdoo| uhixvhg wr uhyhdo wkhlu lqfrph1 Wklv zrxog ohdyh xv zlwk d sdqho ri mxvw
ulfk shrsoh/ zkrvh lq�xhqfh ri lqfrph rq irrg h{shqglwxuh lv/ e| Hqjho*v odz/ idu ohvv1 Eldvhg
frh�flhqw hvwlpdwhv pd| wkxv uhvxow iurp wkhvh odwhqw fruuhodwlrqv1

Wkh lq�xhqfh ri fruuhodwhg plvvlqj revhuydwlrqv rq g|qdplf sdqho gdwd duh hyhq pruh
lqwulfdwh1 Lw lv kdug wr jlyh d jhqhudo gluhfwlrq ri wkh eldv fdxvhg e| wklv sureohp1 Rxu ihholqj
zkhq xvlqj wkh deryh phwkrg zdv wkdw lw xqghuhvwlpdwhg wkh sdudphwhu � vrphzkdw1 Wkh
iroorzlqj vhuyhv wr looxvwudwh krz vxfk xqghuhvwlpdwlrq pd| frph derxw1

Orrnlqj dw wkh sdwwhuq ri rxu gdwd/ lw vhhpv wkdw ohvv ghyhorshg frxqwulhv kdyh pruh
revhuydwlrqv plvvlqj wkdq zhvwhuq lqgxvwuldo sdqho phpehuv1 Wkh revhuydwlrqv wkdw duh dydlo0
deoh iru wkrvh ohvv ghyhorshg frxqwulhv duh foxvwhuhg dw wkh hqg dqg dw wkh ehjlqqlqj ri rxu
shulrg ri revhuydwlrq1 Erwk wkhvh fkdudfwhulvwlfv pdnh vhqvh1 Zlwk ghyhorsphqw frphv d
ehwwhu dgplqlvwudwlrq ri d frxqwu|*v surgxfwlrq dqg srsxodwlrq/ zklfk h{sodlqv wkh whqghqf|
iru ulfkhu frxqwulhv wr eh deoh wr vxsso| pruh gdwd1 Dovr/ dv rwkhu frxqwulhv ghyhors wkurxjk
wlph/ wkhlu delolw| wr vxsso| gdwd lqfuhdvhv zklfk h{sodlqv wkh foxvwhulqj dw wkh hqg1 Wkh
foxvwhulqj dw wkh ehjlqqlqj lv d ihdwxuh ri wkh vshfl�f uhvhdufk uhsruw zh xvhg/ zklfk wulhg
wr jlyh vrph lghd ri zruog ghyhorsphqw ryhu wkh |hduv dqg hvwlpdwhg JGS shu fdslwd iru doo
frxqwulhv iru d qxpehu ri nh| |hduv/ vrph ri wkhp lq wkh �uvw revhuydwlrqdo urxqg1

Doo lq doo/ zh pd| frqfoxgh wkdw wkhuh lv uhdvrq wr eholhyh wkdw wkh ydoxhv ri |
�|

pd| eh
srvlwlyho| fruuhodwhg zlwk wkh suredelolw| wkdw frxqwu| l*v JGS shu fdslwd lv revhuyhg lq |hdu
w1 Orrnlqj dw wkh ydoxhv wdnhq rq e| wkh dyhudjh ri wkh dydlodeoh revhuydwlrqv hdfk |hdu/ lw
vhhpv wkdw diwhu dq lqlwldo orz ydoxh/ wkhuh lv d shulrg lq zklfk rqo| wkh zhvwhuq qdwlrqv vxsso|
gdwd dqg wkh dyhudjh vruhv1 Wklv shulrg lv wkhq iroorzhg e| d ghfolqh ehfdxvh ri lqfuhdvlqj
dydlodelolw| ri rwkhu frxqwu|*v gdwd1

Zh qrz irupdol}h wklv sdwwhuq lq dq/ dgplwwhgo|/ fuxgh zd|1 Vxssrvh zh rqo| kdyh gdwd
iurp rqh lqglylgxdo iru wkuhh wlph shulrgv1 Fdoo wkh revhuydwlrqv |

�
> |

2
dqg |

�
1 Zh qrz

hvwlpdwh wkh sdudphwhu � lpsrvlqj wkh prgho |
|

@ �|
|3�

. �. x
|

e| wkh deryh phwkrg1
Wklv phdqv zh fdofxodwh � dv
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vr wkdw plqlpl}lqj +58, lv wkh vdph dv plqlpl}lqj i+�, zlwk

i+�, @ �2+|
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� |
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� |

�
,� 5+|

2
� |
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� |
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, +5:,

Wklv phdqv zh fdq zulwh a� dv +|
�
� |

2
,@+|

2
� |

�
,1 Uhphpehu qrz wkdw rxu gdwd vkrzhg

dq xqqdwxudo lqfuhdvh lq wkh plggoh shulrg1 Lq wklv vw|ol}hg h{dpsoh/ wkdw zrxog phdq dq
h{ruelwdqw ydoxh iru |

2
/ zklfk kdv wkh h�hfw ri orzhulqj wkh hvwlpdwh ri � dqg lqwurgxflqj d

qhjdwlyh eldv1

Phwkrg & 5= Wlq| wlph vhulhv

Li |rx xvh d wlph vhulhv zlwk dqqxdo revhuydwlrqv wkdw vsdqv pruh wkdq d fhqwxu| |rx duh erxqg
wr uxq lqwr vrph plvvlqj revhuydwlrqv1 Odujh sduwv ri wkh vhulhv pd| eh lqwdfw/ wkrxjk1 Lw lv
wklv skhqrphqrq/ frpelqhg zlwk wkh idfw wkdw wkh prgho grhv qrw fkdqjh ryhu wlph/ wkdw zh
xvh lq wkh vhfrqg phwkrg1

Prgli| wkh sdqho lq wkh iroorzlqj zd|= hyhu| wlph vhulhv |
�

lv vsolw xs lqwr vhyhudo vpdoohu
sduwv/ doo zlwk wkh vdph ohqjwk W W/ zlwk W W � 61 Vrph gdwd pd| eh orvw lq wkh surfhvv/ h1j1
li wkh qxpehu ri revhuydwlrqv grhv qrw glylgh e| W W zh orvh vrph erughu revhuydwlrqv/ ru li
wkhuh h{lvw vxe0vhulhv vpdoohu wkdq W W1

Zh qrz kdyh d frpsohwh sdqho ri revhuydwlrqv/ zlwk d odujhu Q wkdq ehiruh dqg d vpdoohu
W / htxdo wr W W1 Zh qhhg qrw zruu| derxw dq| sureohpv wklv phwkrg pd| fdxvh lq whupv ri
eldv= wkh vdph prgho dssolhv wr wkh vpdoo vhulhv dv wr wkh odujhu rqhv1 Wkhuh duh vrph srvvleoh
gudzedfnv/ wkrxjk=

� Wkh srvvleoh orvv ri gdwd li W W lv dq dznzdug qxpehu1 Wklv lv/ ri frxuvh/ lq wkh kdqgv
ri wkh uhvhdufkhu1

� Wkh duwl�fldo qdwxuh ri wkh sdqho pd| uh�hfw xsrq wkh hvwlpdwhv ri wkh sdudphwhuv*
vwdqgdug huuruv1 Wklv ehfdxvh wkh yduldwlrq suhvhqw lq wkh sdqho lv qrz sduwo| fuhdwhg
e| wkh uhvhdufkhu klpvhoi1 Wkh gluhfwlrq ri wklv h�hfw lv qrw hqwluho| fohdu iurp wkh
rxwvhw1

� Dqrwkhu srlqw ri zhdnqhvv pd| eh wkh srvvlelolw| ri grplqdwlrq ri wkh gdwd e| frxqwulhv
wkdw kdyh d uhodwlyho| odujh dprxqw ri gdwd dydlodeoh1 Li lw vkrxog eh vr wkdw frxqwulhv
zklfk duh srru kdyh uhodwlyho| odujh jdsv lq wkhlu wlph vhulhv/ wklv pd| lq�xhqfh rxu
uhvxowv1 Wklv lv hvshfldoo| vr li wkrvh srru frxqwulhv lqkhuhqwo| dovr kdyh d gl�huhqw ydoxh
ri �/ lqvwhdg ri wkh dvvxphg xqliruplw| ri wklv sdudphwhu1

Ri frxuvh/ wklv phwkrg ri hvwlpdwlrq kdv vrph dgydqwdjhv dv zhoo= dsduw iurp kdylqj d
frpsohwh sdqho zlwk vkruw wlph vhulhv/ zh dovr h{shulhqfh dq lqfuhdvh lq wkh qxpehu ri
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clqglylgxdov*D1 Wklv pd| lpsuryh rxu hvwlpdwhv dv wkh| zhuh ghulyhg dv|pswrwlfdoo| dv
Q $ 41

2�e �h@U|�U@* it|�4@|�L? @?_ , L}i?L�t V@h�@M*it

Zlwk hlwkhu ri wkh wzr phwkrgv iru ghdolqj zlwk plvvlqj revhuydwlrqv/ zh �qg rxuvhoyhv
kdylqj wr rswlpl}h d fulwhulrq olnh +53,/ zlwk D

?

wkh xqlw pdwul{1 Wklv vhfwlrq ghdov zlwk wkh
sudfwlfdo dvshfwv ri wkdw rswlpl}dwlrq/ dv zhoo dv zlwk wkh lqfrusrudwlrq ri h{rjhqrxv yduldeohv
lq wkdw urxwlqh1 Zh vkdoo �uvw dvvxph d vlwxdwlrq lq zklfk �p lv jlyhq e| htxdwlrq 54/ dqg
qr h{rjhqrxv yduldeohv duh suhvhqw1 Wkhq zh frqvlghu wkh fdvh zkhuh h{rjhqrxv yduldeohv duh
lqfoxghg lq rxu prgho1 Doo wkh rwkhu fdvhv fdq wkhq hdvlo| eh ghulyhg1

Vr/ �uvwo|/ rxu fulwhulrq orrnv olnh plq
�

�p� �p/ zlwk

�p @ P
-

+Z Z ,+GG,V +5;,

zlwk V vxppdul}lqj rxu gdwd1 Li zh zdqw wr zulwh �p dv d ixqfwlrq ri �/ zh vsolw xs wkh
h{suhvvlrq lqwr

�p @ P
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u

 L
u

,V � �+L
u

 L
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,V � �+L
-

 L
u

,V . +L
-

 L
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,V
�

Iru hdvh ri qrwdwlrq/ zh uhzulwh wklv lqwr dq h{suhvvlrq zlwk wkuhh qhz yduldeohv V
f
> V

�
> V

2

wkdw hdfk frqwdlq vrph ri wkh gdwd=

�p @ �2V
2
. �V

�
. V

f

Wkh gh�qlwlrqv ri wkh V
%

duh lpsolhg1 Wkh irup dw zklfk zh kdyh qrz duulyhg hqdeohv xv wr
zulwh +5;, h{solflwo| dv d ixqfwlrq ri �=

plq
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. �e � V�

2
V
2

Zlwk doo wkh V
%

nqrzq/ wklv fulwhulrq lv hdvlo| plqlpl}hg xvlqj dq dqdo|wlfdo �uvw dqg vhfrqg
ghulydwlyh lq wkh Jdxvv0Qhzwrq urrw�qglqj surfhgxuh1

Zh qrz wxuq wr rxu vhfrqg fdvh/ lq zklfk glvsrvh ri wkh suhpxowlso|lqj pdwul{ Z dqg
lqfrusrudwh h{rjhqrxv yduldeohv {

�

1 Zh qrz qhhg wr plqlpl}h d gl�huhqw fulwhulrq=

plq
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Wklv fulwhulrq fdq djdlq eh vsolw xs lqwr d sro|qrpldo lq wkh yduldeohv j dqg �/ vxppdul}lqj
wkh gdwd lq vl{ qhz yduldeohv W
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Doo wkh W
%

fdq uhdglo| eh frpsxwhg surylghg wkh gdwd duh frpsohwh1 Wkh| dovr doorz xv wr
dqdo|wlfdoo| zulwh rxw fulwhulrq +5<,
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Djdlq/ xvlqj wkhruhwlfdo sduwldo �uvw dqg vhfrqg ghulydwlyhv/ wklv fulwhulrq fdq uhdglo| eh
plqlpl}hg zlwk wkh wzr0glphqvlrqdo Jdxvv0Qhzwrq surfhgxuh1

2�D �TTi?_� 

Ehfdxvh �z lv wkh dyhudjh ri d vhulhv ri l1l1g1 revhuydwlrqv/ zh fdq xvh wkh Olqghehuj0
O�hy| F1O1W1 wr fodlp s

Q+ �z � �, $ Q+3>Y+z
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Lq rughu wr �qg dq h{suhvvlrq iru wkh ghulydwlyhv lq wklv irupxod*v uljkw kdqg vlgh zh xvh
wkh �uvw0rughu frqglwlrq lpsolhg e| wkh plqlpl}dwlrq lq +64, wr zulwh
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Wklv irup lpsolhv wkdw dq| frqvwdqwv lq iurqw ri u+�> �, zloo fdqfho> zh wkhuhiruh vwulnh wkh �5
idfwru iru qrz1 Wkh wzr pdwulfhv rq wkh uljkw fdq eh frpsxwhg dv iroorzv= zh vhh wkdw
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Lq wklv vhfwlrq zh zloo vkrzfdvh wkh uhvxowv iurp lpsohphqwlqj wkh ydulrxv phwkrgv ri wkh odvw
vhfwlrq rq rxu gdwd1 Iluvw/ wkh gdwd lv lqwurgxfhg lq wkh qh{w vhfwlrq1 Wkhq/ zh hvwlpdwh wkh
wzr prghov iurp wkh odvw vhfwlrq xvlqj wkh wzr phwkrgv iru frslqj zlwk plvvlqj revhuydwlrqv1
Zh frqfoxgh lq vhfwlrq 616
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Wkh gdwd frphv iurp Pdgglvrq +4<<8,/ dqg irupv d sdqho ri 89 frxqwulhv iru zklfk wkh JGS
shu fdslwd lv prqlwruhg lq wkh |hduv 4;53/ 4;83 dqg 4;:3 wkux 4<<61 Lq rxu uhvhdufk/ zh
rplw 4;53 dqg 4;83/ wkxv rqo| xvlqj hdfk frxqwu|*v odvw 457 |hduv1 Ri wkh 9<77 srvvleoh
revhuydwlrqv/ 7897 duh dfwxdoo| wkhuh1 Iljxuh BB vkrzv hdfk |hdu*v dyhudjh | dqg wkh qxpehu
ri revhuydwlrqv dydlodeoh iru wkdw |hdu1 Qrwlfh wkdw wkh jdsv lq rxu gdwd rffxu hvshfldoo| lq
wkh ehjlqqlqj ri wkh vdpsoh shulrg1 Wkhuh duh vrph vslnhv lq wkh qxpehu ri revhuydwlrqv/
zkhuh | zdv hvwlpdwhg iru doprvw wkh zkroh sdqho lq vrph nh| |hdu1 Zkhqhyhu wkhvh vslnhv
rffxu/ zh vhh d gurs lq wkh dyhudjh |/ lqglfdwlqj wkdw lq wkh ehjlqqlqj ri wkh vdpsoh shulrg/
wkh srruhu frxqwulhv whqg wr vxsso| ohvv gdwd wkdq wkh ulfkhu frxqwulhv1

Iru vrph ri wkh phwkrgv ri hvwlpdwlrq/ zh duh uhtxluhg wr frqyhuw wkh sdqho lqwr rqh
zlwk vpdoohu wlph vhulhv dqg d odujhu qxpehu ri lqglylgxdov1 Wdeoh 5 vkrzv krz wkh qxpehu
ri revhuydwlrqv dqg frpsohwh wlph vhulhv ydulhv zlwk wkh gl�huhqw ohqjwk ri wkrvh cwlq| wlph
vhulhv*

Wdeoh 5= Gdwd dydlodelolw|

Vhulhv ohqjwk & ri vhulhv Wrwdo & ri revhuydwlrqv

6 479: 7734
7 43;: 767;
8 ;89 75;3
9 :46 75:;
: 939 7575
; 858 7533
< 794 747<

43 754 7543
53 534 7353
63 458 6:83
73 <: 6;;3
83 78 5583

Dv rqh zrxog h{shfw/ wkh qxpehu ri revhuydwlrqv xvhg ghfuhdvhv zlwk wkh ohqjwk ri wkh wlph
vhulhv1 Uhtxlulqj orqj vhulhv dovr kdv wkh h�hfw ri holplqdwlqj d orw ri gdwd iurp ghyhorslqj
frxqwulhv/ zkr duh riwhq xqdeoh wr vxsso| ohqjwk| vhulhv1

��2 ,t|�4@|�L? hit�*|t

61514 Phwkrg & 4= Suhwhqglqj wr kdyh d ixoo sdqho

Xvlqj wklv �uvw phwkrg/ ghvfulehg lq vhfwlrq 516/ zlwk qr h{rjhqrxv whfkqrorjlfdo jurzwk/
jdyh wkh iroorzlqj uhvxowv=

a� @ 3=<4<6t
Y+a�, @ 5=4<75 � 433�

Dv zh douhdg| qrwhg/ wklv uhvxow pd| eh eldvhg grzqzdugv vrphzkdw1
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61515 Phwkrg &5= Wlq| Wlph Vhulhv

Zh hvwlpdwhg wkh prgho zlwk dqg zlwkrxw h{rjhqrxv whfkqrorjlfdo jurzwk/ zlwk XOV dqg
JPP dqg zlwk d qxpehu ri gl�huhqw vl}hv ri wkh cwlq| wlph vhulhv*1 Wkh uhvxowv duh vxppdul}hg
lq wkh iroorzlqj wdeohv1

Wdeoh 6= H{rjhqrxv Jurzwk/ XOV

Vhulhv ohqjwk a� ^vwdqgdug huuru` aj ^vwdqgdug huuru`

6 413;98 ^= = =` 03133:7554 ^9=:;<8 � 433S`
7 413634 ^4=;964 � 433.` 031334<9<6 ^5=96:8 � 433S`
8 31<;9< ^4=<<3: � 433.` 31334::86 ^4=5;;5 � 433S`
9 413389 ^6=6;38 � 433.` 03133346:3 ^9=<4<5 � 433.`
: 31<;<: ^7=85<9 � 433.` 31333;3<7 ^9=8395 � 433.`
; 31<<:< ^4=96<: � 433.` 313344386 ^8=876; � 433.`
< 41337: ^4=5757 � 433.` 03133367<3 ^5=<477 � 433.`
43 413345 ^4=4<:9 � 433.` 0313333;<; ^4=;585 � 433.`
44 31<<;6 ^5=8:59 � 433.` 3133373<; ^5=8<6: � 433.`

Wdeoh 7= H{rjhqrxv Jurzwk/ JPP

Vhulhv ohqjwk a� ^vwdqgdug huuru` aj ^vwdqgdug huuru`

6 413;98 ^= = =` 03133:755 ^= = =`
7 31945: ^31479;4` 31374::9 ^3133;;<7`
8 31;7;: ^3133489` 31343<63 ^<=<:46 � 433D`
9 413:6: ^3133446` 03133<;:: ^:=:649 � 433D`
: 414:44 ^313348<` 03134;58< ^<=99:: � 433D`
; 31;;88 ^3133359` 31338<37 ^4=7;:7 � 433D`
< 415484 ^313338<` 031356397 ^6=9758 � 433D`
43 416:5< ^3133377` 031339:<5 ^5=3988 � 433D`
44 31;8:5 ^3133353` 3133:7;3 ^<=343< � 433S`

Wdeohv 6 wkux 9 doorz iru d ihz fduhixo frqfoxvlrqv1 Iluvw ri doo/ lw dsshduv wkdw iru wkhvh vpdoo
ydoxhv ri Q / XOV zrunv ehwwhu wkdq JPP1 Wkh hvwlpdwhv iurp wkh iruphu �xfwxdwh ohvv
ryhu wkh gl�huhqw ohqjwkv ri wkh wlph vhulhv1 Krzhyhu/ wkh vpdoo vwdqgdug huuruv vhhp d olwwoh
h{djjhudwhg zkhq orrnlqj dw wkh gl�huhqw sdudphwhu hvwlpdwhv lq wkh vdph wdeoh1 Vhfrqgo|/ zh
kdyh d fdvh ri khwhurjhqhrxv sdqho eldv= ohdylqj rxw rqh sdudphwhu +h{rjhqrxv jurzwk, fohduo|
lq�xhqfhv wkh uhpdlqlqj hvwlpdwhv1 Wklugo|/ wkh txhvwlrq zkhwkhu � lv vljql�fdqwo| vpdoohu
wkdq xqlw| fdqqrw eh dqvzhuhg iurp wkhvh wdeohv1 Wkh| hlwkhu vkrz a� erwk vljql�fdqwo| deryh
dqg ehorz rqh lq wkh vdph wdeoh/ ru duh lqfrqfoxvlyh1 Wr whvw iru wkh suhvhqfh ri d xqlw urrw
lq rxu gdwd/ zh lqwurgxfh d phwkrg wr frpelqh wkh revhuydwlrqv1
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Wdeoh 8= Qr H{rjhqrxv Jurzwk/ XOV

Vhulhv ohqjwk a� ^vwdqgdug huuru`

6 31:847 ^313994`
7 31<<<3 ^31344:`
8 413363 ^313377`
9 413376 ^313358`
: 31<<9< ^31335<`
; 4133:5 ^313373`
< 413349 ^313345`
43 413337 ^313339`
44 413349 ^313344`

Wdeoh 9= Qr H{rjhqrxv Jurzwk/ JPP

Vhulhv ohqjwk a� ^vwdqgdug huuru`

6 31:847 ^3139;9`
7 4144;6 ^313495`
8 31<354 ^31346;`
9 31;7;5 ^31353;`
: 31;8;3 ^313469`
; 413659 ^3133:3`
< 413463 ^31334<`
43 414866 ^313468`
44 31<7;4 ^3133:4`

61516 Ilvkhu*v S
b

xqlw urrw whvw

U1D1 Ilvkhu +4<65, lqwurgxfhv d phwkrg wr frpelqh vhyhudo lqghshqghqw xqlw urrw whvwv lqwr
rqh vlqjoh qxpehu1 Wklv whvw xvhv wkh revhuyhg vljql�fdqfh ohyho ri wkh gl�huhqw whvwv/ S

�

1 Wklv
cs0ydoxh* lv wkh suredelolw| wkdw wkh uhvxow rffxuhg xqghu wkh k|srwkhvlv ri d xqlw urrw1 Xqghu
wklv k|srwkhvlv dqg udqgrp vdpsolqj wkh cs0ydoxh* kdv d xqlirup glvwulexwlrq rq ^3> 4`1 Frp0
elqlqj wkh gl�huhqw S

�

dv "2 @ �5
S

oq+S
�

, jlyhv d vwdwlvwlf wkdw/ xqghu wkh qxoo k|srwkhvlv/
kdv dq h{dfw "2 glvwulexwlrq zlwk 5Q ghjuhhv ri iuhhgrp1

Zh xvhg wkh phwkrg ri wlq| wlph vhulhv ghvfulehg deryh wr frpsxwh a� dqg lwv vwdqgdug
huuru iru doo 89 frxqwulhv vhsdudwho|1 Zh wkhq frpsxwh hdfk frxqwu|*v S ydoxh xqghu wkh
k|srwkhvlv ri d xqlw urrw1 Wkhvh S ydoxhv duh frpelqhg lqwr d vwdwlvwlf "2

|

1 Iru gl�huhqw vl}hv
ri wkh wlph vhulhv/ wkh gl�huhqw uhvxowv duh lq wdeoh :1 Lq wklv wdeoh/ hvwlpdwlrq lv grqh xvlqj
XOV1 Xvlqj JPP rq wkhvh vpdoo vdpsohv uhvxowhg lq vxfk wklqjv dv qhjdwlyh hvwlpdwhv ri wkh
vwdqgdug huuru1

Lw vhhpv wkdw wkh k|srwkhvlv ri d xqlw urrw lv uhmhfwhg li zh xvh uhdoo| vpdoo wlph vhulhv +vl}h
6 dqg 7,1 Iru wkh rwkhu ohqjwkv/ wkh qxoo ri d xqlw urrw fdqqrw eh uhmhfwhg1 Wklv vwloo ohdyhv rxu
txhvwlrq derxw wkh srvvlelolw| ri � @ 4 xqdqvzhuhg/ wkrxjk1 Krzhyhu/ wkdw fdq eh uhphglhg
e| mxvw xvlqj doo wkh S 0ydoxhv iurp wkh gl�huhqw frxqwulhv dqg wlph vhulhv vl}hv dqg frpsxwlqj
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Wdeoh := Xqlw urrw whvwv

Vhulhv ohqjwk +w, "2
|

S ydoxh xvlqj "2+445,

6 5541;86 6 � 433b
7 48413;< 3133;5
8 ::1<7< 31<<73
9 4391<66 3194:9
: 44613;8 317868
; 43<136< 318949
< 4541736 315893
43 ;61995 31<:<4
44 ;417;6 413333

rqh vwdwlvwlf1 Xqghu wkh qxoo ri d xqlw urrw/ wklv vwdwlvwlf kdv d "2+433;, glvwulexwlrq1 Xvlqj
doo wkh gdwd fuhdwhg wr frqvwuxfw wkh suhylrxv wdeoh/ zh frpsxwhg "2 @ 4379=7<:/ vr wkdw wkh
cs0ydoxh* xqghu wkh qxoo lv durxqg 314<71 Fohduo|/ wklv lv qrw vpdoo hqrxjk wr uhmhfw wkh qxoo
k|srwkhvlv ri d xqlw urrw1

��� �L?U*�t�L?t

Wkh phwkrgv ghulyhg dqg dssolhg lq wkh suhylrxv vhfwlrqv doo lq doo dsshdu wr eh d elw yrodwloh1
Wkh hvwlpdwh rewdlqhg iurp phwkrg & 4 lv frqvslfxrxvo| orz/ dqg wkrvh iurp phwkrg & 5 vxi0
ihu iurp khwhurjhqhrxv sdqho eldv dqg ydu| vljql�fdqwo| ryhu wkh gl�huhqw wlph vhulhv ohqjwkv1
Krzhyhu/ Ilvkhu*v S

b

xqlw urrw whvw doorzv xv wr frpelqh wkh gl�huhqw slhfhv ri lqirupdwlrq
lqwr d vlqjoh whvw vwdwlvwlf vr wkdw zh pd| surylgh dq dqvzhu wr wkh txhvwlrq cwr frqyhujhqfh
ru qrw wr frqyhujh*1 Zlwk wkh dydlodeoh gdwd dqg phwkrgv/ wkh dqvzhu lv fohdu= zh duh qrw
deoh wr uhmhfw wkh k|srwkhvlv cqrw wr frqyhujh*1
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Dowrqml/ M1J1 dqg O1P1 Vhjdo ^4<<8`= cVpdoo vdpsoh eldv lq JPP hvwlpdwlrq ri fryduldqfh
vwuxfwxuhv*/ xqsxeolvkhg sdshu/ Qruwkzhvwhuq Xqlyhuvlw|/ Dxjxvw 4<<8 gudiw1

Dphpl|d/ W1 ^4<;8`= Dgydqfhg Hfrqrphwulfv/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh PD

Eduur/ U1M1 dqg [1 Vdod0l0Pduwlq ^4<<5`= cFrqyhujhqfh*/ Mrxuqdo ri Srolwlfdo Hfrqrp|/
433/ ss1 556 0 584

Eduur/ U1M1 dqg [1 Vdod0l0Pduwlq ^4<<8`= Hfrqrplf Jurzwk/ PfJudz0Kloo/ Qhz \run

Ehuqdug/ D1E1 dqg V1Q1 Gxuodxi ^4<<9`= cLqwhusuhwlqj whvwv ri wkh frqyhujhqfh k|srwk0
hvlv*/ Mrxuqdo ri Hfrqrphwulfv/ :4/ ss1 494 0 4:6

Fkdpehuodlq/ J1 ^4<;7`= cSdqho Gdwd*/ lq ]1 Julolfkhv dqg P1G1 Lqwuloljdwru/ hgv1/ Kdqgerrn
ri Hfrqrphwulfv/ Yroxph LL/ Qruwk Kroodqg/ Dpvwhugdp/ ss1 457; 0 464;

Ilvkhu/ U1D1 ^4<65`= cVwdwlvwlfdo Phwkrgv iru Uhvhdufk Zrunhuv*/ Rolyhu dqg Er|g/ Hglq0
exujk 7wk hg1

Kduyh|/ D1F1 ^4<<6`= Wlph Vhulhv Prghov/ Kduyhvwhu Zkhdwvkhdi/ Khuwirugvkluh X1N1

Lp/ N1/ P1K1 Shvdudq dqg \1 Vklq ^4<<8`= cWhvwlqj iru xqlw urrwv lq G|qdplf khwhurjh0
qrxv Sdqhov*/ GDH Zrunlqj Sdshu/ Xqlyhuvlw| ri Fdpeulgjh/ X1N1

Nqljkw/ P1/ Q1 Ord|}d dqg G1 Yloodqxhyd ^4<<6`= cWhvwlqj wkh Qhrfodvvlfdo Wkhru| ri
Hfrqrplf Jurzwk*/ LPI Vwd� Sdshuv/ 73/ ss1 845 0 874

Ohh/ N1/ P1K1 Shvdudq dqg U1 Vplwk ^4<<8`= cJurzwk dqg frqyhujhqfh= D pxowl0
frxqwu| hpslulfdo dqdo|vlv ri wkh Vrorz jurzwk prgho*/ GDH Zrunlqj Sdshu <864/ Xqlyhuvlw|
ri Fdpeulgjh/ X1N1

Pdggdod/ J1V1 dqg S1F1 Olx ^4<<9`= cSdqho gdwd xqlw urrw whvwv= Zkdw gr wkh| whvwB*/
xqsxeolvkhg sdshu/ Rklr Vwdwh Xqlyhuvlw|/ Pdufk 4<<9 gudiw1

Pdgglvrq/ D1 ^4<<8`= Prqlwrulqj wkh Zruog Hfrqrp|/ 4;5304<<5/ XLWJHYHU/ SODDWV

Pdolqydxg/ H1 ^4<:3`= Vwdwlvwlfdo Phwkrgv ri Hfrqrphwulfv/ Qruwk0Kroodqg/ Dpvwhugdp

Pdqnlz/ Q1J1/ G1 Urphu dqg G1Q1 Zhlo ^4<<5`= cD frqwulexwlrq wr wkh hpslulfv ri
hfrqrplf jurzwk*/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 43:/ ss1 73: 0 76:

Shvdudq/ P1K1 dqg U1 Vplwk ^4<<8`= cHvwlpdwlqj orqj0uxq uhodwlrqvklsv iurp g|qdplf
khwhurjhqhrxv sdqhov*/ Mrxuqdo ri Hfrqrphwulfv/ 9;/ ss1 :< 0 446

Txdk/ G1 ^4<<6`= cJdowrq*v idoodf| dqg Whvwv ri wkh Frqyhujhqfh K|srwkhvlv*/ Vfdqglqdyldq
Mrxuqdo ri Hfrqrplfv/ <8/ ss1 75: 0 776

Vhyhvwuh/ S1 dqg D1 Wurjqrq ^4<<5`= cOlqhdu G|qdplf Prghov*/ lq O1 P�dw|�dv dqg
S1 Vhyhvwuh/ hgv1/ Wkh Hfrqrphwulfv ri Sdqho Gdwd/ Noxzhu Dfdghplf Sxeolvkhuv/ Gruguhfkw/
ss1 <8 0 44:

Vrorz/ U1P1 ^4<89`= cD Frqwulexwlrq wr wkh Wkhru| ri Hfrqrplf Jurzwk*/ Txduwhuo| Mrxu0
qdo ri Hfrqrplfv/ :3/ ss1 98 0 <7

Zdqvehhn/ W1 dqg D1 Ndswh|q ^4<<7`= Phdvxuhphqw Huuru dqg Odwhqw Yduldeohv lq
Hfrqrphwulfv/ xqsxeolvkhg1
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