
Dqdo|vlv ri Prqhwdu| Srolf| Uxohv
Wkh QDNH ohfwxuhv ri Plfkdho Zrrgirug

Uhsruw e| Wklmv Nqdds

Mxqh/ 4<<;

4 Lqwurgxfwlrq

Wkh ohfwxuhv wkdw surihvvruZrrgirug wdxjkw dw wkh uhfhqw Zdjhqlqjhq yhuvlrq ri
wkh qdnh zrunvkrs zhuh/ lq hvvhqfh/ derxw prqhwdu| srolf| uxohv1 Exw udwkhu
wkdq wdnlqj d sduwldo dssurdfk/ wkh| lqyroyhg wkh frqvwuxfwlrq ri d frpsohwh
pdfur prgho dqg vxephujhg wkh furzg ri olvwhqhuv lq wkh uljrurxv Urwhpehuj�
Zrrgirug phwkrgrorj| +dv dovr ihdwxuhg lq Urwhpehuj dqg Zrrgirug/ 4<<5/ iru
h{dpsoh,1

Prqhwdu| srolf| uxohv ghvfuleh wkh ehkdylru ri d fhqwudo edqn*v prqhwdu|
srolf|/ hlwkhu h{ dqwh dv d srolf| dqqrxqfhphqw ru h{ srvw dv d udwlrqdol}dwlrq
ri wkh edqn*v dfwlrqv e| hfrqrplvwv1 Wkh fxuuhqw lqwhuhvw lq srolf| uxohv lv
iurp wkh vlgh ri fhqwudo edqnhuv dv zhoo dv dfdghpld1 Wkh fhqwudo edqn qhhgv
dq h{solflw frqfhswxdo iudphzrun ehfdxvh ri lqfuhdvhg dxwrqrp|/ dqg ehfdxvh
pdq| ri wkh rog jxlghsrvwv/ vxfk dv prqhwdu| wdujhwv dqg h{fkdqjh udwh jrdov/
kdyh ehfrph revrohwh1 Dovr/ suhfrpplwphqw wr d uxoh pd| eh d ehwwhu zd|
wr lpsohphqw d srolf| wkdq kdskd}dugo| �{lqj wkh udwh ehfdxvh ri wkh zd| lq
zklfk frqvxphu h{shfwdwlrqv duh d�hfwhg1

Lq dfdghplfv/ wkh frppxqlv rslqlr qrz lv wkdw prqh| pdwwhuv/ qrw vr pxfk
dv wkh lqvwljdwru ri vkrfnv/ exw pruh lq whupv ri wkh sursxovlrq ri h{rjhqrxv
vkrfnv wr wkh hfrqrp|1 Ghyhorsphqwv lq prghoolqj qrz doorz iru d plfur0
irxqghg dqdo|vlv ri wklv sursxovlrq wkdw zdv qrw srvvleoh lq wkh sdvw1 Wkrvh
dqdo|vhv riwhq fdoo iru wkh irupxodwlrq ri frqvxphuv* h{shfwdwlrqv derxw prqh0
wdu| srolf|/ zklfk duh gl!fxow wr irupxodwh zlwkrxw d uxoh1

D zhoo0nqrzq h{dpsoh ri d prqhwdu| srolf| uxoh lv e| Wd|oru +4<<6,/ zkr
jlyhv wkh ghvluhg lqwhuhvw udwh dv d ixqfwlrq ri wkh vwhdg|0vwdwh lqwhuhvw dqg
lq dwlrq udwh +u� dqg ��,/ wuhqg rxwsxw |� dqg wkh dfwxdo uhdol}dwlrqv ri wkhvh
yduldeohv=
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Lq wkh Xqlwhg Vwdwhv/ d uxoh olnh wklv lv wkrxjkw dssolfdeoh wr wkh |hduv ri Yrofnhu
dqg Juhhqvsdq/ 4<:< wloo qrz1 Qrwlfh wkdw wkh yduldeoh wkdw lv cgrfwruhg* lv wkh
lqwhuhvw udwh/ lqvwhdg ri wkh xvxdoo| dvvxphg djjuhjdwh prqh| vxsso|1 Wklv lv
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wkrxjkw pruh lq olqh zlwk wkh dfwxdo sudfwlfh ri prqhwdu| srolf|> dovr/ srolf|
dlphg dw u grhv qrw ghshqg rq d vwdeoh ghpdqg iru prqh|1

Lw zrxog eh rxwvlgh wkh vfrsh ri wklv uhsruw wr ixoo| uhsolfdwh surihvvru Zrrg0
irug*v ohfwxuhv1 E| ohdylqj rxw wkh qrq0hvvhqwldo sduwv/ zh zloo wu| wr uhsolfdwh
wkh jlvw ri wkh vwru|/ uhihuulqj wkh lqwhuhvwhg uhdghu wr Urwhpehuj dqg Zrrgirug
+4<<:/ 4<<;, iru wkh ghwdlov1 Lq wkh qh{w vhfwlrq/ zh orrn dw wkh plfur0irxqghg
pdfur prgho wkdw vhuyhv dv wkh zrunkruvh iru rxu dqdo|vlv1 Vhfwlrq 6 vkrzv
krz wklv prgho qdwxudoo| vsdzqv d fulwhulrq e| zklfk wr mxgjh wkh rxwfrph ri d
srolf|0uxoh1 Wkh ihdvlelolw| ri gl�huhqw uxohv lv glvfxvvhg lq vhfwlrq 7/ dqg lq vhf0
wlrq 8 zh orrn dw vhyhudo frxqwhuidfwxdov uxq ryhu wkh shulrg 4<:<�<81 Vhfwlrq
9 frqfoxghv1

5 D pdfur prgho

Wkh dlp ri wklv vhfwlrq lv wr vkrz wkh frqvwuxfwlrq ri d vlpsoh pdfur prgho/
zklfk h{klelwv wkh lqwhusod| ehwzhhq lq dwlrq/ djjuhjdwh surgxfwlrq/ dqg wkh
lqwhuhvw udwh1 Wkh hfrqrp| lv wdnhq wr eh d frqwlqxxp ri krxvhkrogv/ lqgh{hg
rq ^3> 4`1 Hdfk krxvhkrog ixqfwlrqv olnh d |hrpdq iduphu/ surgxflqj rqh jrrg
dqg wudglqj lw zlwk rwkhu krxvhkrogv1 Prqh| lv lqwurgxfhg lq wkh prgho lq wkh
Vlgudxvnl0zd|/ e| pdnlqj krxvhkrogv olnh lw shu vh1 Wkh xwlolw| ri djhqw m lv
jlyhq e|
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zkhuh |m
w
lv djhqw m*v surgxfwlrq dqg fm

w
lv d FHV djjuhjdwh ri wkh gl�huhqw

surgxfwv frqvxphg e| wkh djhqw=

fm
w
@

�]
4

3

fm
w
+},

��4

� g}
� �

��4

zkhuh � A 41 +6,

Lw iroorzv wkdw wkh pdunhw iru jrrgv lv prqrsrolvwlfdoo| frpshwlwlyh1 Wkh ixqf0
wlrqv x dqg z duh lqfuhdvlqj dqg frqyh{/ dqg y lv lqfuhdvlqj dqg frqfdyh1 Iurp
wkh xwlolw| ixqfwlrq zh vhh wkdw zrunlqj fdxvhv glvsohdvxuh dqg wkh srvvhvvlrq
ri prqh| lv ydoxhg srvlwlyho|1 Wkh sulfh lqgh{ S

w
frpelqhv wkh sulfhv ri jrrgv/

S m

w
/ lq olqh zlwk wkh frqvxpswlrq lqgh{ lq irupxod +6,1
Lw lv dvvxphg wkdw djhqwv kdyh dw wkhlu glvsrvdo wkh xvh ri ulvn0iuhh erqgv wkdw

sd| uhdo lqwhuhvw u
w
1 Wkh Ilvkhu sdulw| frqglwlrq lpsolhv wkdw qrplqdo lqwhuhvw

l
w
vdwlv�hv

4 . l
w
@ +4 . u,

S
w.4

S
w

1 +7,

Wkxv/ djhqwv fdq vkliw zhdowk wkurxjk wlph lq wkh irup ri erwk prqh| +pm

w
, dqg

erqgv +em
w
,1 Wkh exgjhw frqglwlrq wkdw jrhv zlwk wkh sureohp lv

em
w.4

.
pm

w

S
w

@ +4 . u, em
w
.

pm

w�4

S
w
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w
� fm

w
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nhhslqj lq plqg wkdw dw wlph w/ wkh ghflvlrq lv pdgh krz pxfk prqh| wr krog
qrz dqg krz pdq| erqgv wr nhhs xqwlo wkh qh{w shulrg1

Ehfdxvh wkh djhqwv duh erwk surgxfhuv dqg frqvxphuv/ pd{lpl}lqj wkhlu
xwlolw| jlyhv wkh htxloleulxp ri wkh hqwluh hfrqrp|1 Wkh sureohp lv vroyhg e|
dqdo|}lqj wkuhh vxe0sureohpv=

41 jlyhq wrwdo h{shqglwxuh/ doorfdwh dfurvv wkh gl�huhqw jrrgv1

51 jlyhq wkh uhyhqxhv iurp vxsso|lqj wkh jrrgv/ �qg dq lqwhuwhpsrudo sodq
iru ifm

w
j dqg ipm

w
j1

61 �qg wkh rswlpdo sulflqj +ru vxsso|0, ghflvlrq hdfk shulrg1

Sureohp 4 lv wkh vwdqgdug prqrsrolvwlf frpshwlwlrq sureohp/ dqg uhqghuv

fm
w
+}, @ fm

w

�
S
w
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S
w
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��

+9,

Sureohp 5 lv vroyhg e| vxevwlwxwlqj +8, lq +5, dqg gl�huhqwldwlqj zlwk uh0
vshfw wr pm

w
dqg em

w
1 Wklv jlyhv wzr h!flhqf| frqglwlrqv1 Iluvw/ wkh xvxdo Hxohu

vprrwklqj htxdwlrq

x3
�
fw
m

�
@ � +4 . u

w
,H

w

k
x3

�
fm
w.4

�l
+:,

krogv1 Vhfrqgo|/ ghihuulqj frqvxpswlrq rqh shulrg dqg xvlqj wkh iuhhg0xs prqh|
wr lqyhvw lq erqgv vkrxog eh xwlolw|0qhxwudo/ vr wkdw4

z3+Pm

w
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w
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x3+fm
w
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514 Iulfwlrqohvv htxloleulxp

Wr vroyh sureohp 6/ zh qhhg wr dvvxph d w|sh ri sulfh0vhwwlqj ehkdylru1 Dvvxph
�uvw wkdw sulfhv duh shuihfwo|  h{leoh1 Djhqwv vroyh wkh sureohp
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zkhuh �m
w
lv wkh pdujlqdo xwlolw| ri dgglwlrqdo prqh| uhyhqxh5 dw wlph w/ dqg |

w

lv dqg lqgh{ iru wrwdo frqvxpswlrq/ |
w
@

U
4

3
fm
w
gm1 Wkh i1r1f1/ wdnlqj lqwr dffrxqw

wkdw S
w
dqg |

w
duh qrw d�hfwhg e| fkdqjhv lq S m

w
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Wklv frqglwlrq pd| eh irxqg e| wdnlqj +5,*v �uvw rughu frqglwlrq z1u1w1 6

�

|
/ dqg xvlqj

wkh Hxohu htxdwlrq +:, dqg wkh Ilvkhu sdulw| +7,1
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Ehfdxvh lq htxloleulxp/ doo djhqwv dfw wkh vdph/ zh fdq vxevwlwxwh lq wkdw fm
w
@|

w
/

pm

w
@ P

w
dqg S m

w
@ S

w
iru doo m1 Wklv ohdgv wr wkh uhgxfhg irup pdfur prgho

zlwk wkuhh htxdwlrqv1

Wkh �uvw htxdwlrq uhodwhv prqh| ghpdqg dqg zlwk lqwhuhvw dqg lqfrph=
dq op0w|sh htxdwlrq1

z

3

+Pw@Sw,

x
3

+|w,
@ lw

4.lw

, P
w
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w
@ O+|

w
> l
w
, OP

Wkh vhfrqg htxdwlrq lv uhplqlvfhqw ri dq lv htxdwlrq

x

3

+|w,

Sw

@ � +4 . l
w
H, x

3

+|w.4,

Sw.4
LV

Wkh wklug htxdwlrq lv wkh djjuhjdwh vxsso| uhodwlrqvkls

y3 +|
w
, @x3 +|

w
, @ ��4

�

DV

Zh vhh wkdw djjuhjdwh vxsso| lv frqvwdqw dqg lqghshqghqw ri prqhwdu| srolf|1
Wklv lv gxh wr wkh dvvxpswlrq ri sulfh  h{lelolw| pdgh hduolhu1 Wkh �uvw wzr
htxdwlrqv ri wklv prgho duh qrw lq xhqfhg e| wkdw dvvxpswlrq dqg zloo vwloo krog
odwhu rq/ zkhq zh fkdqjh lw1

Wkh plfur0irxqgdwlrqv ri wklv prgho doorz xv wr lqwurgxfh vkrfnv wr gl�huhqw
sduwv ri wkh hfrqrp| lq d vwudljkwiruzdug zd| +udwkhu wkdq wxfnlqj wkhp rq wr
wkh uhgxfhg irup htxdwlrqv,1 Zh lqwurgxfh wkuhh w|shv ri vkrfnv=

� �
4w
/ vkrfnv wr �vfdo srolf|/ dgghg wr wkh ixqfwlrq x1

� �
5w
/ suhihuhqfh ru whfkqrorj| vkrfnv/ dgghg wr wkh ixqfwlrq y1

� �
6w
/ vkrfnv wr wkh whfkqrorj| ri wudqvdfwlrqv/ dgghg wr wkh ixqfwlrq z1

Dvvxplqj wkh vkrfnv dqg wkhlu h�hfwv rq wkh hqgrjhqrxv yduldeohv duh uhd0
vrqdeo| vpdoo/ zh fdq uhzulwh wkh prgho lq d orj0olqhdu dssur{lpdwlrq

orjP
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w
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DV

Wkh qrwdwlrq lv dv iroorzv= �|
w
lv orj+|

w
@|�

w
,/ dqg �u

w
lv orj+4.l

w
,�orj+4.l�,/ zkhuh

wkh ydoxhv zlwk d vwdu duh wkh htxloleulxp vroxwlrqv1 Ixuwkhu/ �
w
lv wkh lq dwlrq
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udwh orj+S
w.4

@S
w
, dqg � wkh fxuydwxuh ri wkh xwlolw| ixqfwlrq x dw |

w
@|�

w
16 Wkh

glvwxuedqfhv duh dvvxphg wr vkrz xs dv wkh whupv �
4w

dqg �
5w
/ dqg wkh DV

htxdwlrq vkrzv wkdw rxwsxw lv sxuho| d ixqfwlrq ri wkh glvwxuedqfhv1

515 Iulfwlrqv lq sulfh vhwwlqj

Zh qrz iroorz Fdoyr +4<;6, e| dvvxplqj wkh iroorzlqj nlqg ri iulfwlrq lq wkh
vhwwlqj ri sulfhv= udwkhu wkdq ohwwlqj doo surgxfhuv fkdqjh wkhlu sulfhv hyhu|
shulrg/ d sulfh pd| eh fkdqjhg zlwk suredelolw| 4��1 Zlwk suredelolw| �/ wkh
sulfh pxvw vwd| wkh vdph dv odvw shulrg1

Zkhq d surgxfhu lv jlyhq wkh rssruwxqlw| wr fkdqjh wkh sulfh/ wkh sulfh wkdw
lv vhw lv qrw qhfhvvdulo| wkh vdph dv wkh rswlpdo sulfh lq wkh iulfwlrqohvv prgho1
Wklv lv ehfdxvh wkhuh lv d srvlwlyh suredelolw| � wkdw qh{w wlph/ wkh sulfh fdqqrw
eh fkdqjhg/ vr wkdw lw krogv iru pruh wkdq rqh shulrg1 Wkxv wkh surgxfhu zloo
zdqw wr pd{lpl}h dq h{suhvvlrq olnh

pd{
S

m

w

H
w

+
4[
n@3

�n�n�+S m

w
> S

w.n
>|

w.n
> �

w.n
> �

5>w.n
,

,

zkhuh � lv wkh csur�w*0ixqfwlrq17 Orj0olqhdul}lqj wkh deryh h{suhvvlrq durxqg
|
w
@|�

w
dqg sorxjklqj wkurxjk d idlu dprxqw ri dojheud/ zh rewdlq d qhz DV

htxdwlrq/ zklfk orrnv olnh

�
w

@ �
�
�|
w
� �|V

w

�
. �H

w
�
w.4

/ zkhuh

� @
+4� �, +4� ��,

�

�
$ . �

4 . $�

�
A 3

dqg zkhuh $ lv wkh fxuydwxuh ri y dw |
w
@|�

w
dqg �|V

w
lv wkh vroxwlrq iru �| iru

wkh  h{leoh0sulfh fdvh1 Zh fdq qrz zulwh d wklug yhuvlrq ri rxu pdfur prgho/
vxemhfw wr sulfh uljlglwlhv1
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w
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DV

Zh kdyh voljkwo| uhzulwwhq htxdwlrq LV/ dqg qdphg wkh prgl�hg glvwxuedqfh
whup j

w
1 Wdnlqj wkh uhdo vlgh ri wkh hfrqrp|/ LV dqg DV/ zh fdq qrz vkrz wkh

xvh ri prqhwdu| srolf| uxohv1

6
Wklv fxuydwxuh lv jlyhq e| 3�

��
E|

W

|
�|

W

|
*�

�
E|

W

|
�1

7
Ri frxuvh wkhvh |hrpdq0iduphuv gr qrw wklqn ri sur�w lq wkh surshu vhqvh/ exw wkh| gr

pd{lpl}h vrphwklqj vlplodu1
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516 D srolf| uxoh lq wkh prgho

Wkh v|vwhp DV0LV deryh fdq eh dphqghg zlwk d srolf| uxoh iru wkh lqwhuhvw udwh/

�u
w
@ !

�
�
w
. !

|
�|
w
1

Xvlqj wklv uxoh/ zh fdq jhw ulg ri wkh �u
w
lq LV1 Gh�qlqj }

w
@ ^�

w
> |

w
`3/ v

w
@ ^j

w
> |v

w
`3

dqg vxevwlwxwlqj lq wkh uxoh/ zh kdyh d v|vwhp wkdw pd| eh uhsuhvhqwhg dv

}
w
@ D}

w
.EH}

w.4
.Fv

w
1 +<,

E| lqyrnlqj udwlrqdo h{shfwdwlrqv/ zh fdq zulwh

}
w

@ +L�D,�4EH}
w.4

. +L�D,�4Fv
w

@ +L�D,�4F
4[
l@3

�
+L�D,�4E

�
l

H
w
v
w.l

zkhuh wkh odvw vwhs krogv li
���+L�D,�4E

��� ? 41 Dvvxplqj d YDU surfhvv iru
wkh vkrfnv/ wklv jlyhv d xqltxh erxqghg vroxwlrq iru wkh v|vwhp1 Wklv vroxwlrq
vkrzv krz wkh hfrqrp| zloo g|qdplfdoo| uhvsrqg wr d vhulhv ri vkrfnv iv

w
j1

Dq lpsruwdqw srlqw qhhgv wr eh pdgh khuh1 Hyhu| wlph wkh prqhwdu| srolf|
uxoh lv vxevwlwxwhg lq zh pxvw kdyh dvvxphg wkdw wkh uxoh lv nqrzq dqg fuhgleoh>
rwkhuzlvh lw grhv qrw zrun1 Zrxog wkh fhqwudo edqn wdnh wkh vdph dfwlrqv e|
vxusulvh/ wkh h�hfwv zrxog eh gl�huhqw1 Wkxv/ suhfrpplwphqw e| wkh edqn lv
fuxfldo iru wkh rxwfrph1

6 D udqnlqj fulwhulrq

Zlwk wkh wrrov zh kdyh ghyhorshg/ zh fdq dqdo|}h wkh zrunlqjv ri wkh hfrqrp|
xqghu gl�huhqw srolf| uxohv1 Wr frpsduh wkh ghvludelolw| ri wkh gl�huhqw rxw0
frphv/ d zhoiduh fulwhulrq pxvw eh vshfl�hg1 Ehfdxvh ri wkh plfur0irxqgdwlrqv
ri rxu prgho/ wklv fulwhulrq fdq eh irxqg uhodwlyho| vwudljkwiruzdugo|1 Zh frxog/
iru lqvwdqfh/ orrn dw wkh pd{lpdqg ri wkh frqvxphuv lq irupxod +5,1

Ehfdxvh zh zloo eh orrnlqj dw vwhdg| vwdwhv/ dq htxlydohqw phdvxuh lv irxqg
e| orrnlqj dw wkh h{suhvvlrq iru rqh shulrg/
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Jlyhq wkdw frqvxphuv duh lghqwlfdo doo dujxphqwv duh djjuhjdwh yduldeohv1 Lq
htxloleulxp/ f

w
@ |}

w
iru doo }1

D qxpehu ri dvvxpswlrqv jr lqwr wkh frqvwuxfwlrq ri d fulwhulrq iurp wklv
h{suhvvlrq1 Iluvw ri doo/ wkh p

w
@s

w
0whup lv qhjohfwhg/ irfxvlqj dwwhqwlrq rq wkh

uhdo vlgh ri wkh hfrqrp|1 Ixuwkhupruh/ zh zloo orrn dw rqo| d vhfrqg rughu
Wd|oru h{sdqvlrq durxqg d vwhdg| vwdwh zlwk }hur glvwxuedqfhv1 D qxpehu ri
rwkhu dvvxpswlrqv zloo iroorz gxulqj wkh frqvwuxfwlrq1
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Zh vwduw zlwk wkh whupv lqyroylqj x +�,1 Gh�qh a| @ orj +|
w
@|�,/ wkhq lw lv

srvvleoh wr zulwh wkh h{sdqvlrq dv
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Iurp wklv/ zh fdq ljqruh wkh whupv wkdw duh lqghshqghqw ri srolf| +w1l1s1/ whupv
wkdw gr qrw fkdqjh dv wkh srolf| uxoh lv fkdqjhg,/ dqg wdnh h{shfwdwlrqv wr �qg
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D vlplodu frpsxwdwlrq fdq eh pdgh iru wkh vhfrqg whup/ lqyroylqj y +�,/
zklfk frphv rxw dv
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Wzr ixuwkhu dvvxpswlrqv qrz idflolwdwh wkh vxppdwlrq ri wkhvh wzr whupv1
Iluvw ri doo/ dvvxph wkdw x

f
@ y

|
1 Wklv phdqv wkdw wkh vwhdg|0vwdwh ohyho ri

rxwsxw lv dozd|v h!flhqw/ lq vslwh ri wkh vkrfnv1 Wklv pd| eh fdxvhg e| wkh xvh ri
rwkhu lqvwuxphqwv1 Vhfrqgo|/ dvvxph wkdw rwkhu srolf| lqvwuxphqwv duh dgmxvwhg
vxfk wkdw H +a|, @ 3 uhjdugohvv ri prqhwdu| srolf|1 Wklv juhdwo| vlpsol�hv wkh
fulwhulrq/ zklfk pd| qrz eh zulwwhq dv
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Glvshuvlrq ri rxwsxw ohyhov
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Wkh whup wkdw txdqwl�hv wkh lpsdfw ri wkh glvshuvlrq ri rxwsxw ohyhov lv rqo|
lqyrnhg zkhq wkhuh lv vrph vruw ri sulfh uljlglw| fdxvlqj wkh glvshuvlrq1 Xqwlo
qrz zh kdyh qrw pdgh dq| dvvxpswlrqv derxw wkh zd| lq zklfk sulfhv duh vhw1
Zh zloo xvh wkh Fdoyr0phfkdqlvp zh kdyh xvhg ehiruh wr doorz iru vrph uljlglw|1
Wklv phdqv wkdw hdfk shulrg/ d iudfwlrq � ri wkh surgxfhuv fdqqrw fkdqjh wkhlu
sulfh1

Wkh dsshdudqfh ri Z fkdqjhv vrphzkdw diwhu wkh Fdoyr0uxoh lv xvhg1 Lw qrz
uhdgv
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Khuh/ O pd| eh ylhzhg dv wkh dfwxdo vwdelol}dwlrq orvv/ dqg ��5 dv wkh dyhudjh
udwh ri orvv1 Lw wxuqv rxw wkdw
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Wkh uhvxow wkdw wkh orvv ixqfwlrq xowlpdwho| ghshqgv rq d zhljkwhg dyhudjh
ri wkh yduldwlrq lq rxwsxw dqg wkh yduldwlrq lq lq dwlrq lv qrw xqidploldu lq
pdfurhfrqrplfv1 Lw kdv riwhq ehhq dvvxphg zlwkrxw d plfur0irxqgdwlrq wkdw
vxfk d fulwhulrq frxog eh uhohydqw1 Wkh dgydqwdjh ri wklv irup lv wkdw wkh
zhljkwv ri wkh wzr yduldwlrqv duh jlyhq e| wkh prgho/ udwkhu wkdq slfnhg e| wkh
hfrqrplvw1

Qrwh wkdw zh vwduwhg rxw e| rplwwlqj orvvhv gxh wr prqhwdu|  xfwxdwlrqv/
orrnlqj rqo| dw surgxfwlrq dqg frqvxpswlrq1 Krzhyhu/ wkh fulwhulrq wkdw zh
irxqg vkrzv wkdw wkhuh vwloo lv dq dyhuvlrq wr lq dwlrq +erwk lq ohyho dqg lq
yduldwlrq,1

7 Ihdvlelolw| ri srolf| uxohv

Qrz wkdw zh kdyh d fulwhulrq e| zklfk zh fdq udqn wkh gl�huhqw uxohv/ zh pljkw
zdqw wr orrn iru wkh uxoh wkdw plqlpl}hv lw1 Wklv zrxog eh wkh uxoh wkdw fdxvhg
}hur lq dwlrq lq hyhu| shulrg1 Krzhyhu/ zh pxvw wdnh lqwr dffrxqw wkdw rqo| d
olplwhg dprxqw ri lqirupdwlrq derxw wkh hfrqrp| lv nqrzq/ vr wkdw lq sudfwlfh
lw pd| qrw eh srvvleoh wr irupxodwh d uxoh wkdw surgxfhv � @ 31

Zh djdlq srvw d yhuvlrq ri rxu pdfur prgho/ ohdylqj rxw wkh OP htxdwlrq8

exw dgglqj d srolf| uxoh1
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frpelqhg h�hfw ri doo glvwxuedqfhv1 Wkh uxoh SU doorzv iru dq h{rjhqrxv vkrfn
t
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e| wkh srolf| pdnhuv1
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Wkh OP htxdwlrq ghwhuplqhv wkh ghpdqg ri prqh| exw grhv qrw lq xhqfh wkh uhdo hfrq0

rp| lq wklv prgho1

;



Zh fdq qrz h{solflwo| zulwh grzq d v|vwhp vxfk dv +<,1 Wkhuh krogv wkdw�
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Iurp khuh zh fdq dqvzhu d qxpehu ri lpsruwdqw txhvwlrqv1 Rqh txhvwlrq pljkw
eh zkhwkhu wkh hfrqrp| kdv d ghwhuplqdwh udwlrqdo h{shfwdwlrqv vroxwlrq1 Wkh
dqvzhu olhv lq wkh surshuwlhv ri pdwul{ �E= li erwk hljhqydoxhv olh lqvlgh wkh xqlw
flufoh vxfk dq htxloleulxp h{lvwv1 Lw fdq eh vkrzq wkdw wklv frqglwlrq lv vdwlv�hg
li !

�
A 4 dqg !

|
� 3> wklv lv qrw d qhfhvvdu| frqglwlrq/ krzhyhu1

Dqrwkhu txhvwlrq/ jlyhq wkdw d vroxwlrq h{lvwv/ pljkw eh zkdw wkh h�hfw ri
wkh ruljlqdo vkrfnv �

4
/ �

5
dqg �

6
zrxog eh rq rxwsxw dqg lq dwlrq1 Wkh dqvzhu

wr wkdw txhvwlrq fdq eh irxqg e| h{dplqlqj wkh h�hfw ri wkh �*v rq uq
w
dqg

orrnlqj dw �E dqg �F1
Wkh h�hfwv ri h{rjhqrxv vkrfn t

w
fdq dovr eh ghulyhg iurp wklv v|vwhp1 Lw

dsshduv wkdw d srolf| vwudwhj| wkdw vhwv t
w
@ uq

w
iru doo w zrxog uhvxow lq wkh

plqlpxp srvvleoh orvv fulwhulrq/ iru doo ydoxhv ri !
�
dqg !

|
wkdw jhqhudwh d

ghwhuplqdwh vroxwlrq1 Wkh sudfwlfdo ihdvlelolw| ri vxfk d srolf| lv txhvwlrqdeoh/
krzhyhu1

8 Txdqwl�fdwlrq dqg frxqwhuidfwxdov

Qrz wkdw wkh prgho lv frpsohwhg/ surihvvru Zrrgirug vkrzhg krz zh fdq dqd0
o|}h uhdo0zruog prqhwdu| srolf| lq whupv ri srolf| uxohv/ dqg wu| krz dowhuqdwlyh
uxohv pljkw kdyh iduhg xqghu wkh vkrfnv wkdw dfwxdoo| rffxuhg1 Wkh phwkrgrorj|
uxqv dv iroorzv=

41 Hvwlpdwh dq xquhvwulfwhg YDU prgho ri wkh lqwhuhvw udwh/ wkh lq dwlrq udwh
dqg rxwsxw1

51 Fkrrvh wkh sdudphwhuv ri wkh vwuxfwxudo prgho vr wkdw wkh suhglfwhg uh0
vsrqvh wr prqhwdu| srolf| djuhhv zlwk wkh YDU hvwlpdwh1

61 Xvlqj wkh txdqwlwdwlyh vshfl�fdwlrq ri wkh vwuxfwxudo prgho/ dqg wkh YDU
wr prgho wkh h{shfwdwlrqv/ lghqwli| wkh vkrfnv wkdw dfwxdoo| rffxuhg e|
wkh uhvlgxdov ri wkh htxdwlrqv zkhq �w wr wkh gdwd1

71 Wkh sdudphwul}hg prgho dqg wkh vkrfnv fdq qrz eh xvhg wr vlpxodwh wkh
frqvhtxhqfhv ri frxqwhuidfwxdo prqhwdu| srolf| uxohv iru wkh hyroxwlrq ri
iu

w
> �

w
> |

w
j1

81 Xvlqj wkh fulwhulrq ghulyhg lq vhfwlrq 6/ hydoxdwh wkh zhoiduh frqvhtxhqfhv
ri dowhuqdwlyh srolf| uhjlphv1
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Wkh shulrg ryhu zklfk wkh dqdo|vlv lv frqgxfwhg lv 4<:<�<81 Wkh prgho wkdw
lv xvhg lv d olwwoh gl�huhqw iurp wkh rqh ghvfulehg deryh/ lqfrusrudwlqj d wzr0
shulrg ghflvlrq odj iru jrrgv sxufkdvhv1 Wklv dgdswlrq zdv pdgh wr dffrprgdwh
wkh gdwd1 Dovr/ wkhuh duh ghflvlrq odjv lq sulflqj e| vxssolhuv/ zklfk gl�hu dfurvv
jrrgv1 Zlwkrxw wkhvh dgdswlrqv/ vkrfnv zrxog d�hfw wkh uhdo hfrqrp| doprvw
lpphgldwho|> wklv lv frqwudglfwhg e| wkh gdwd1

Zh douhdg| qrwlfhg wkdw d uxoh wkdw fdxvhv }hur lq dwlrq zrxog eh lqihdvleoh/
ehfdxvh wkhuh lv qrw hqrxjk lqirupdwlrq wr cixho* vxfk d uxoh1 Zh frxog vroyh
iru wkh ehvw ydoxh ri Z jlyhq wkdw wkh uxoh fdq rqo| ghshqg rq nqrzq yduldeohv1
Krzhyhu/ lw wxuqv rxw wkdw vxfk d uxoh zloo fdxvh qhjdwlyh lqwhuhvw udwhv dw fhuwdlq
srlqwv lq wlph= d sudfwlfdo lpsrvvlelolw|1

Wr dyrlg wklv sureohp/ zh fdq lpsrvh d frqglwlrq wkdw dggv d shqdow| iru
lqwhuhvw udwh yduldelolw| wr wkh orvv0fulwhulrq1 Wkh rswlpdo uxoh wkdw frphv rxw
wklv sureohp lv lqghhg ihdvleoh/ exw qrw yhu| sudfwlfdo dv lw lv yhu| frpsolfdwhg
+lpdjlqh krz lw xvhv doo dydlodeoh lqirupdwlrq wr frph xs zlwk wkh ehvw lqwhuhvw
udwh,1

Wkh uxohv wkdw ydolgdwh uhdo lqwhuhvw duh wkrvh wkdw duh vlpsoh lq vwuxfwxuh/
|hw lpso| d ydoxh iru wkh orvv fulwhulrq wkdw lv forvh wr rswlpdo1 Lq Urwhpehuj
dqg Zrrgirug +4<<;,/ wkuhh vxfk uxohv duh glvfxvvhg=

41 D jhqhudol}hg Wd|oru uxoh= u
w
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51 Ghshqghqfh rq odjjhg gdwd= u
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1 Wklv lv wkh deryh

uxoh lq wkh fdvh zkhuh gdwd ehfrphv dydlodeoh zlwk d odj1

61 Sulfh ohyho wdujhwlqj= u
w
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w
. e|

w
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w�4
1 Wklv uxoh fdq dovr eh dssolhg

lq d codjjhg* yhuvlrq1

Lq hdfk fdvh wkh txhvwlrq lv zkdw wkh rswlpdo sdudphwhuv d/ e/ dqg f duh/
zkhwkhu wkh uxoh jhqhudwhv ghwhuplqdwh sdwkv iru wkh vwdwh yduldeohv/ dqg krz
pxfk wkh orvv fulwhulrq lv plqlpl}hg1 Zh orrn rqo| dw wkh uxohv lq fdvh 4/ wkh
rwkhuv pd| eh irxqg lq wkh sdshu1

Iru uxohv lq fdwhjru| 4 zlwk f vhw wr }hur/ wkh rswlpdo ydoxhv duh d @ 5=;;
dqg e @ 3=351 Wklv lv gl�huhqw/ exw qrw vkrfnlqjo| vr/ iurp Wd|oru*v +4<<6,
ydoxhv1 Urwhpehuj dqg Zrrgirug +4<<;, vkrz krz wkh orvv fulwhulrq ehkdyhv
iru gl�huhqw d*v dqg e*v lq d gldjudp1 Wkh ydoxh ri wkh orvv fulwhulrq jhwv yhu|
forvh wr wkdw dwwdlqhg lq wkh rswlpdo fdvh glvfxvvhg deryh1 Uxohv lq fdwhjru|
4 zlwk f xqhtxdo wr }hur lqfoxgh d ihhgedfn phfkdqlvp lq u

w
1 Vxusulvlqjo|/

gldjudpv vkrz wkdw wkh uxoh jhqhudwhv vwdeoh sdwkv iru ydoxhv ri f dv kljk dv 43$
Wklv lv gxh wr wkh idfw wkdw wkh uxoh lv d surplvh wr udlvh lqwhuhvw udwhv/ zklfk
lv qrw qhfhvvdulo| fduulhg rxw1 Wkh rswlpdo ydoxh lv forvh wr wkh suhylrxv rqh=
d @ 4=55/ e @ 3=39 dqg f @ 4=5;1

Iru wkh deryh rswlpdo uxohv/ wkh frxqwhuidfwxdo orvv fulwhulrq lv orzhu wkdq
lw zdv lq wkh uhdo fdvh1 Wklv vxjjhvwv wkdw vrphwklqj fdq eh jdlqhg vwxg|lqj
wkhvh rswlpdo uxohv1

43



9 Frqfoxvlrqv

Dw wkh hqg ri wkh ohfwxuhv/ d qxpehu ri lpsruwdqw frqfoxvlrqv frxog eh gudzq1
Wkh prvw vwulnlqj uhvxow suredeo| lv wkdw d vlpsoh +edfnzdug0orrnlqj, Wd|oru0
w|sh uxoh fdq dfklhyh rxwfrphv wkdw duh qhduo| dv jrrg dv wkrvh dfklhydeoh e|
dq| srolf|1 Wklv vxjjhvwv wkdw wkrvh uxohv fdq eh d ydoxdeoh |hw lqh{shqvlyh wrro
iru fhqwudo edqnv1

Lw lv riwhq vxjjhvwhg wkdw d fhqwudo edqn*v srolf| vkrxog eh iruzdug0orrnlqj/
wkdw wkh edqn vkrxog fduu| rxw csuhhpswlyh vwulnhv* ehiruh d sureohp dfwxdoo|
rffxuv1 Wklv prgho vkrzv wkdw vxfk lv qrw qhfhvvdu|/ dv orqj dv wkh hfrqrplf
djhqwv wkhpvhoyhv duh iruzdug orrnlqj1 Wkh surplvh ri wkh fhqwudo edqn wr udlvh
lqwhuhvw udwhv lq fhuwdlq fdvhv/ odlg grzq lq d Wd|oru uxoh/ lv hqrxjk wr vwrs wkrvh
fdvhv iurp kdsshqlqj1 Wkh fuhglelolw| ri vxfk d surplvh lv/ ri frxuvh/ hvvhqwldo1

Ehfdxvh gdwd riwhq wdnhv wlph wr uhdfk wkh hfrqrplvw/ lw lv uhdvvxulqj wkdw
wkh shuirupdqfh ri wkh uxohv lv exw zhdno| d�hfwhg e| wkh xvh ri odjjhg gdwd1

Uxohv wkdw vshfli| vkruw0whup lqwhuhvw udwhv vkrxog lqfrusrudwh wkh odjjhg
hqgrjhqrxv yduldeoh dv d uhjuhvvru/ zlwk d frh!flhqw odujhu wkdq rqh1 Ehfdxvh
ri udwlrqdo h{shfwdwlrqv/ wklv zloo qrw uhvxow lq lqvwdelolw| ri wkh hfrqrp|1 Wkhuh
lv olwwoh jdlq iurp pdnlqj wkh uxoh ghshqghqw rq uhdol}hg ydoxhv ri djjuhjdwh
surgxfwlrq1

Ri frxuvh doo wkhvh frqfoxvlrqv vwdqg ru idoo zlwk wkh idlwk wkdw rqh sxwv lq
wkh vlpsoh pdfur prgho wkdw wkh| frph iurp1 Krzhyhu/ wkh delolw| ri wkh prgho
wr plplf uhdo gdwd lv hqfrxudjlqj/ dv lv wkh idfw wkdw Wd|oru uxohv fdq yhu| zhoo
h{sodlq sdvw prqhwdu| srolf|1 Wkxv/ dsso|lqj wkhp lq wkh ixwxuh vkrxog qrw eh
d vwhs lq wkh gdun1

Wkh ohfwxuhv wkdw surihvvru Zrrgirug jdyh lq Zdjhqlqjhq zhuh e| qr phdqv
cdq hdv| ulgh/* exw zlwk wklv lpsuhvvlyh olvw ri frqfoxvlrqv zhoo zruwk wkh h�ruw1
Ixwxuh gdwd zloo vkrz zkhwkhu wklv zrun kdv kdg lpsdfw rq wkh zrunlqjv ri/
vd|/ wkh Hxurshdq fhqwudo edqn1
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